MULTIGRADED COMBINATORIAL HOPF ALGEBRAS AND 
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Abstract. We develop a theory of multigraded (i.e., N'-graded) combinatorial Hopf alge- 
bras modeled on the theory of graded combinatorial Hopf algebras developed by Aguiar, 
Bergeron, and Sottilc [Compos. Math. 142 (2006), 1-30]. In particular we introduce the 
notion of canonical k-odd and k-even subalgebras associated with any multigraded combi- 
natorial Hopf algebra, extending simultaneously the work of Aguiar et al. and Ehrenborg. 
Among our results are specific categorical results for higher level quasisymmetric functions, 
several basis change formulas, and a generalization of the descents-to-peaks map. 
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1. Introduction 

Quasisymmetric functions appear throughout algebraic combinatorics, in contexts that 
often seem unrelated. Within the framework of combinatorial Hopf algebras developed in [2], 
this can be explained in category-theoretic terms: The combinatorial Hopf algebra QSym of 
quasisymmetric functions is a terminal object of the category of combinatorial Hopf algebras. 
In this framework, a special role is claimed by the odd subalgebra of QSym, the algebra of 
peak functions, as the terminal object of the category of odd combinatorial Hopf algebras. 

In this paper, we work with a natural generalization of QSym. Specifically we focus on 
QSym^''\ the multigraded (i.e., N'-graded) algebra of quasisymmetric functions of level /, 
and show that in the corresponding category of multigraded combinatorial Hopf algebras, an 
analogous universal property still holds (Theorem l3.ip . Along the way we obtain several more 
general results about the objects of this category, which are natural multigraded analogues 
of results in |2]. 

Another goal of ours is to obtain a refinement of the notions of odd and even subalgebras 
of |2] by developing "k-analogues" of the relevant constructions. We attain this goal in 
Sections [H and \5\ There we show that given a multigraded Hopf algebra "H = 0nGN' 
and a character on "H, for every k G (N U {oo})' we have two canonically defined Hopf 
subalgebras 0^(71) and £^{l-i). As expected our k-analogues generalize the original notions: 
When / = 1 and k = oo, 0^{1-L) and S^iTi) are precisely the odd and even subalgebras 
of [2]. Moreover in the / = 1 case our construction refines what is known about QSym by 
providing a sequence of Hopf subalgebras 

QSym = 0\QSym) D 0\QSym) D 0\QSym) 2 ■ ■ ■ 2 O'^iQSym) 

with certain universal properties. This sequence includes the algebra of Billey-Haiman shifted 
quasisymmetric functions (our O'^ [QSym)) and Stembridge's peak algebra (our 0°°{QSym)). 
When / > 1 and k = (oo,...,oo), our 0^{QSym^''^) may be regarded as a higher level 
analogue of the peak algebra. 

This work stems from several related but distinct threads of earlier research. In the fol- 
lowing we summarize a few key points related to quasisymmetric functions, Eulerian posets, 
and colored and multigraded Hopf algebras. For more details we refer the reader to our 
bibliography. 
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Quasisymmetric functions were first defined explicitly by Gessel [20] , who introduced them 
as generating functions for weights of P-partitions and gave applications to permutation 
enumeration. The Hopf algebra structure on QSym was studied in detail by Malvenuto 
and Reutenauer [27]. The Hopf algebraic approach allows us to interpret a multitude of 
constructions related to quasisymmetric functions in one uniform manner. A particularly 
relevant construction in this flavor is Ehrenborg's F-homomorphism, which associates each 
graded poset P with a quasisymmetric function F{P) that encodes the flag /-vector of P. 
When P is restricted to the class of Eulerian posets, the F{P) span a Hopf subalgebra of 
QSym. Viewed within the combinatorial Hopf algebra framework of [2], this Hopf subalgebra 
is precisely the odd subalgebra of QSym, which also happens to be Stembridge's peak algebra 
[36] . We study multigraded analogues of these ideas in this paper. For example we define 
a Hopf algebra of multigraded posets, and then consider a generalization of Ehrenborg's F- 
homomorphism from this Hopf algebra to QSym^^^ (see Example 13.21) . As one would expect, 
the image of an Eulerian multigraded poset under this homomorphism always lies in the 
odd subalgebra 0^°^''"'°°''{QSym^^^) (cf. Example 13.31) . This in turn implies that the natural 
level / versions of the generalized Dehn-Sommerville relations hold for multigraded Eulerian 
posets (see Example 14.171 and Remark [5. 13p . 

We actually develop the multigraded version of the story relating graded posets and Hopf 
algebras even further. In a somewhat different context, Ehrenborg [18] introduced a refine- 
ment of the notion of an Eulerian poset, called a fc- Eulerian poset (/c G N U {c)o}), and 
proposed that one could define canonical algebras corresponding to /c-Eulerian posets in a 
way that would generalize the notion of an odd subalgebra^. We take this idea one step 
further by providing multigraded versions of the constructions suggested by Ehrenborg. In 
particular our algebras 0^(1-1) are in some sense multigraded generalizations of the Sk{A) 
mentioned in [TSl §5]. 

The level / quasisymmetric functions QSym^^^ considered in this paper were introduced by 
Poirier [31] to handle enumeration problems involving colored permutations (i.e., elements 
of wreath products I ©„). The term "level /" was coined by Novelli and Thibon [29] and 
refers to the larger of the two algebras appearing in Poirier's work@. The terminology and 
basic Hopf algebraic properties of QSym^''^ that we build on, as well as two other examples 
of multigraded Hopf algebras that we discuss-the higher level noncommutative symmetric 
functions and free quasisymmetric functions-are due to Novelli and Thibon [291130] . Our 
paper adds the category-theoretic perspective and gives concrete results about new combi- 
natorially interesting bases, subalgebras, and maps within QSym^^\ as well as maps from 
other Hopf algebras to QSym^^\ 

We should mention that the smaller of Poirier's two algebras, usually referred to as the 
algebra of colored quasisymmetric functions, denoted here by QSym^^\ has been studied 
by many authors. Baumann and Hohlweg [B] proved that QSym^^^ is a Hopf algebra and 
related it to the larger Hopf algebra QSym^''\ Their work places QSym^^^ within a general 



Actually Ehrenborg's work takes place in the setting of Newtonian coalgebras, or infinitesimal Hopf 
algebras [T|, where instead of "odd subalgebra" one has the analogous notion of "Eulerian subalgebra," but 
it is easy to translate his idea into the language of combinatorial Hopf algebras. 

^Thc reader may like to refer to [6l §6.2] for an analysis of the two different colored generalizations of 
quasisymmetric functions in |31) 
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descent theory for wreath products and reveals the functorial nature of many related colored 
constructions, notably the colored descent algebras of Mantaci and Reutenauer [28]. In 
subsequent work, Bergeron and Hohlweg [12] continued to explain and unify various colored 
constructions, and they proposed a theory of colored combinatorial Hopf algebras analogous 
to the theory developed in [2|; this theory is developed further in [23] • Some connections 
between our work and the Bergeron-Hohlweg theory are discussed briefly in § §3.3[ One 
key point that distinguishes our viewpoint is our emphasis on the N'-graded structure. It 
seems, however, that many of the k-refinements that we consider here should translate into 
analogous constructions within the framework suggested by Bergeron and Hohlweg. 

One final topic that we consider in this paper is the notion of a k-analogue of the classic 
descents-to-peaks map on quasisymmetric functions, which shows up naturally in several 
different settings. When viewing QSym and the peak algebra as arising from ordinary and 
enriched P-partitions, the descents-to-peaks map is Stembridge's 6'-map [36], which sends 
the P-partition weight enumerator of a labeled poset to the enriched P-partition weight 
enumerator of the same poset. In the setting of noncommutative symmetric functions, the 
dual of the descents-to-peaks map appears in the work of Krob, Leclerc and Thibon [21] as 
the specialization at g = —1 of the A — )■ {l—q)A transform. Yet another interpretation of this 
map involving flag enumeration in oriented matroids was given in [13]. We do not attempt 
to develop level / versions or k-analogues of these general frameworks which give rise to the 
descents-to-peaks map (although see [23] for a related story on colored P-partitions). Instead 
we employ the character-theoretic approach of [2] to define the appropriate k-analogues 
: QSym^''^ — )■ QSym^^^ and give explicit formulas to help compute these maps. 

The rest of this paper is organized as follows. In Section |2] we provide the necessary 
background on /-partite numbers and vector compositions, and introduce several examples of 
multigraded Hopf algebras. In Section |3] we study the category of multigraded combinatorial 
Hopf algebras and formulate the universal property of QSym^''\ We also describe how to 
relate our constructions to earlier work. Section |4] contains our basic results on k-odd and 
k-even Hopf subalgebras. In particular we show that a substantial part of the standard 
theory of combinatorial Hopf algebras developed in [2] goes through for these k-analogues. 
Section contains more explicit descriptions of the k-odd and k-even Hopf subalgebras of 
QSym^^\ We focus mostly on the k-odd algebras, for which we describe various bases and 
compute Hilbert series. In Section O we define the k-analogue of the descents-to-peaks map 
and introduce k-analogues of the basis of peak functions. 

We thank Marcelo Aguiar, Nantel Bergeron, Christophe Hohlweg, Jean- Yves Thibon and 
the two anonymous referees for helpful comments. 

2. Background and examples of multigraded Hopf algebras 

Throughout this paper, let N = { 0, 1, 2, . . . } denote the set of nonnegative integers and 
P = {1,2,.. .} denote the set of positive integers. If m, n G N then [n] = {1,2,..., n}, and 
[n,m] = {n,n -|- 1, n -|- 2, . . . ,m}. In particular, [0] = and [n,m\ = if n > m. In this 
paper, we use the term multigraded to mean W -graded, where / is a fixed positive integer. 
We call the elements of I -partite numbers and treat them as column vectors. Thus G N' 
denotes the zero vector, and for each i G [0, / — 1], G denotes the coordinate vector 
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with a 1 in position i and everywhere else. When needed, we add vectors componentwise, 
and we sometimes use a partial order on given by i < j if each coordinate of i is less than 
or equal to the corresponding coordinate of j. The /-partite number 

/no\ 
n = : G 

is said to have weight \n\ = rii + ■ ■ ■ + ni and support supp(n) = {i E [0, 1 — 1] \ rii ^ 0}. 

This section provides the necessary background on /-partite numbers and vector composi- 
tions, and introduces several examples of multigraded Hopf algebras that appear throughout 
the paper. These algebras are 

multigraded posets 
multigraded k-Eulerian posets 
colored posets 

free quasisymmetric functions of level / 
noncommutative symmetric functions of level / 
quasisymmetric functions of level / 
MacMahon's multi-symmetric functions 

Generally speaking, the Hopf algebras that we work with are N'-graded bialgebras "H = 
©nsN' that are connected, meaning "Hq is the one-dimensional vector space spanned by 
the unit element; the counit is always defined to be the projection onto Ho- Such a bialgebra 
always has a recursively defined antipode (see, e.g., (TTJ Lemma 2.1]), so it automatically 
becomes a Hopf algebra. 

Our discussion of vector compositions and the Hopf algebras QSym^^\ Sym^'-', and FQSym' 
follows Novelli and Thibon [30], where most of the relevant definitions and results can be 
found. 

2.1. The Hopf algebra 1Z^^\ A finite poset P is said to be graded if it has a unique 
minimum element and a unique maximum element 1, and it is equipped with a rank 
function rk : P — )■ N with the property that if y covers x in P then ik{y) = rk(x) -|- 1. 

Definition 2.1. A multigraded poset is a (finite) graded poset P together with a function 
rkp : P — 7- N' such that rkp(()) = and if y covers x in P then rkp(y) = rkp(x) + e^ for 
some coordinate vector e^ G N'. We call rkp the multirank function of P and say that the 
multirank of P is rkp(l). 

Each interval [x,y] = {z & P \ x < z < y} in a. multigraded poset P is again a multigraded 
poset with multirank function Y\s.\x,y\{z) = rkp(2) — rkp(x). Two multigraded posets P and 
Q are said to be isomorphic if there is an isomorphism of posets ip : P ^ Q such that 
rkg oLp = rkp. 

Let TZ^''^ be the vector space with basis the set of isomorphism classes of multigraded 
posets. We get a multigrading TZ^'-^ = 0ngj^; T^n'' by taking TZn'^ to be the linear span of all 
(isomorphism classes of) posets with multirank n. 
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FQSym(') 

QSym^^^ 
Sym^^^ 



Multiplication in 71^^^ is defined to be the usual Cartesian product PxQ with rkpxQ(x, y) = 
rkp(a;) + rkq^y) for {x, y) E P x Q. The coproduct is defined by 



A(P)= Yl [o,^]®k,i]- 

6<x<i 

The unit is the one-element poset. When / = 1, the Hopf algebra 7^^'-* specializes to Rota's 
Hopf algebra (see, e.g., [21 Example 2.2]). 

2.2. The Hopf subalgebra TZ^''^'^ C TZ^^\ Recall that a graded poset P is said to be Euler- 
ian if whenever x <p y, the Mobius function satisfies fi{[x,y]) = (^—iy^(y)-"^^(^) , Generalizing 
[TS| Definition 4.1], we make the following definition. 

Definition 2.2. Let P be a multigraded poset and let k G (N U {oo})'. We say that P is 
k-Eulerian if every interval of rank n < k is Eulerian. 

For example, the multigraded poset 




(0,0) 



is (1, 1)-Eulerian but not (0, 2)-Eulerian. 

Let TZ^'-^'^ be the subspace of TZ^''^ spanned by all k-Eulerian posets. Using the fact that 
the Mobius function is multiplicative, i.e., fi{P xQ) = fi{P) it is easy to show that the 

Cartesian product of two k- Eulerian posets is a k- Eulerian poset. It is also clear that every 
interval in a k-Eulerian poset is again k-Eulerian. Therefore T?.'-'^''^ is a Hopf subalgebra of 

2.3. The Hopf algebra P('\ Let A = P x [0, / — 1] be the set of /-colored positive integers. 
If X = G A then we call |x| = i the absolute value of x and 7(x) = j the color of x. 

Definition 2.3. A finite subset P C A together with a partial order <p will be called a 
colored poset if {|x| \ x E P} = {1, 2, . . . , |P|}. 

Let P*-'-* denote the vector space of formal Q-linear combinations of colored posets. If 
we define the multidegree of a colored poset P to be (no, . . . ,n;_i)"^ G N', where rij is the 
number of occurrences of color i in the multiset {7(0:) | x G P}, and denote by Pn"* the 
subspace of colored posets of multidegree n, then P*^') becomes a multigraded vector space 

Given two colored posets P and Q, define a new colored poset P U Q to be the disjoint 
union of P and Q with the absolute values of Q shifted up by n = |P|. Thus as a set 
P L\ Q = G A I (z,j) G P or (z — n,j) G Q}, and the new partial order satisfies 

ihj) <PuQ (i'J') if and only if (ij) <p or {i - n,j) <q {i' - n,j'). For example, 
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.(2,2) y^2,0) .(2,2) a(4,0) 

1 ^ /\ = 1 /\ 

(I'O) (1,2) (3,0) (1,0) (3,2) (5,0) 

With this product P^'^ becomes a noncommutative muhigraded algebra whose unit element 
is the empty colored poset. When / = 1 we recover the construction discussed in [161 §3-8]. 

To define the coproduct, first recall that a (lower) order ideal of a poset P is a subset 
I ^ P such that if X G / and y <p x then y & I. Every order ideal / and its complement 
P — I can be thought of as a subposet of P. The set of order ideals of P is denoted by X(P). 
Now suppose that P is a colored poset and Q = ji) . . . {im,jm)} is any subposet (not 
necessarily a colored poset). The standardization of Q is the colored poset st{Q) obtained 
by relabeling {ir,jr) by {i'j.,3r) for each {ir,jr) ^ Q, where i[i2 ■ ■ - i'^ is the standardization 
of i\i2 . . .im- In other words i'ii2 ... is the unique permutation of [m] such that < i'^ if 
and only if v < is for every r,s E [m] . Now we can define the coproduct of a colored poset 
Pby 



For example, 




A(P) = J2 st(J) ®st(P- J). 
/eX(P) 



n(2,0) ,(1,0) -(2,0) 

+ , ® 1 + . ® 1 

(1,2) (3,0) (1,2) (2,0) (1,0) (1,2) 

(2,0) 



(1,2) (2,0) (1,0) (1,2) (3,0) 

With this coproduct P'-'^ becomes a multigraded bialgebra. 



Note that our definitions here differ slightly from the ones in [23] . However it is still possible 
to see the connections. For instance the commutative Hopf algebra of colored posets P^'-* 
studied in [23] can be thought of as P*^') modulo isomorphism of colored posets. 



2.4. Vector compositions. We now give some definitions related to /-partite numbers and 
vector compositions which will be used in the remaining examples. 

If ii, . . . , are /-partite numbers of nonzero weight, then the / x m matrix I = (ii, . . . , i^) 
is called a vector composition o/ii + - ■ ■ + im of length = m and weight |I| = |ii| + - ■ 
The empty composition () is said to be the unique vector composition of 0. Let Comp(n) 
denote the set of vector compositions of n. We often write I N n to mean I G Comp(n). 
Conversely we will write SI to denote the /-partite number n obtained by summing the 
columns of I. An example of a vector composition of a 4-partite number is 



(2.1) 



/ 1 2 \ 

1 1 



1 3 4 



/3\ 

2 




This vector composition has length 



5, weight |I| 
7 



13 and SI = (3,2,0,8) 



Next we consider three different partial orders on Comp(n). Let I 
J N n. Write 

I< J 



im) N n and 



if J is a refinement of I, meaning tliere are vector compositions Ji, . . . , whose concate- 
nation is J = Jl ■ ■ -Jm and such that J^ N for each k. If additionally, every J^ has the 
property that every element in the support of a column is less than or equal to every element 
in the support of every column further to the right, then we write 

I ^ J. 

If instead we require elements in the support of each column to be strictly less than elements 
in the support of columns to the right, then we write 

I J. 



By construction, I J 



4 



I ^ J 



I < J. For example, inside Comp(Q we have 












• 




1 - ( 










Jl 






J2 


1 


1 


1 














2 3 





3 
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Notice that if I < J and if K is obtained by adding together any two adjacent columns of 
some Ji, then clearly I < K < J. The same is true of ^ and Therefore, each interval 
of the poset Comp(n) relative to any of the partial orders < , ^, and is isomorphic to 
an interval in a poset of (ordinary) compositions ordered by refinement; the isomorphism 
takes a vector composition (ii, . . . , i^) to the sequence of weights . . . , It is well- 

known that the poset of compositions under refinement is a boolean lattice. Thus the Mobius 
function of every interval [I, J] in Comp(n) with respect to any one of the three partial orders 
is given by /i([I, J]) = (-l)^m-^W. 

Novelli and Thibon [29] introduced a way to encode a vector composition I = (ii, . . . , i^) 
via two associated statistics, namely a set d(I) C [ |I| — 1 ] and a word c(I), where 

d(I) = {|ii|, |ii| + lial, . . . , |ii| H h |im-i|}, 

and c(I) is formed by recording Ij ,,• copies of the color i as one reads the entries of the matrix 
I sequentially down every column, starting from the left-most column. We will refer to c(I) 
as the coloring word of I. For example, with I as in (12. ip . we have d(I) = {2,4,7,8} and 
c(I) = 0300333113333. 

If w = Wi ■ ■ ■ Wn is a. word in an ordered alphabet then the descent set of w is 

Des(ii') = {i E [n — 1] \ Wi > tfj+i}. 

It is always true that Des(c(I)) C d(I). Conversely, given a positive integer n, a subset 
S* C [n — 1], and a color word w of length n (i.e., a word w = W1W2 ■ ■ - Wn in the alphabet 



[0, / — 1]) such that Des(w) C S, there is a unique vector composition I such that d(I) = 
and c(I) = w. Note that 

I ^ J if and only if c(I) = c(J) and d(I) C d(J). 

In the following, most notably in § §2. 71 besides the notion of vector compositions, we will 
need the analogous notion of a vector partition. For us a vector partition will be a multiset 
A of /-partite numbers A = {Ai, . . . , A^}- Note for example that the multiset cols(I) of the 
columns of a given vector composition I is in fact a vector partition. 

We conclude this subsection with two more definitions. If m = U1U2 . . .Un & [0, ^ — 1]" is 
a color word and is the number of occurrences of color i for each i G [0, / — 1], then we 
define the multidegree of u to be 

/ no 

(2.2) deg{u) = : 
We also associate a vector composition E„ to each such color word u: 

A vector composition that is either empty or whose columns consist of coordinate vectors 
(i.e., standard basis vectors) will be called a coordinate vector composition. 

2.5. The Hopf algebra FQSym^'). This algebra is due to NoveUi and Thibon [29l[30]. It 

can be thought of as a level / generalization of the Malvenuto-Reutenauer Hopf algebra of 
permutations [27] . 

Let A = P X [0, / — 1] be the alphabet of colored positive integers as in §2.31 A typical word 
in this alphabet will be written as (J, u) where J = ji . . . jn is a word of positive integers and 
u = Ui . . . Un is a word of colors. For each n > we will call elements of the set (3„ x [0, / — 1]"" 
colored permutations of n. The empty colored permutation of is (0,0). 

If (cr, u) is a colored permutation of n, then we define the noncommutative power series 
F.,„ e Q(A) by 

(2.3) F„^u= ^ (j(7-i(l)ifT-i(2) • • • j(7-i(n), Mcr-i(l) Uct-1(2) • • • ^<T-i(n)), 

jl<j2<-<jn 
reDes(o-) => jr<jr + l 

with the convention F0 = 1. For example, Des(251463) = {2, 5} and 

F251463,120101 = ^ (j3 jl J6 ^4 ^2 js, 01 1120) . 

jl<j2<j3<j4<j5<j(i 

This definition is equivalent to the one given in [30], though here it is stated in a different way 
to emphasize the analogy with the upcoming defining equation (12.101) for the quasi-ribbon 
functions Fj (cf. [U Equation (1.9)]). 

Let FQSym*-'-' denote the vector space spanned by the Fcr,^. We get a multigrading 
FQSym(') = Q^^pj^ FQSym^,') by defining FQSymW to be the span of all F^,„ with 
deg(M) = n (in the sense of fl2.2p ). NoveUi and Thibon proved that FQSym*^'^ is a subal- 
gebra of Q(A), and moreover that the product of two basis elements F^-.^Ft- j, is given by 

9 



shifted shuffling] i.e., to get the result, we simply shift the letters of r up by the length of a, 
then shuffle a and r together, all the while keeping track of their corresponding colors. For 
example, 

F21,02 Fi2,10 = F2134,0210 + F2314,0120 + F2341,0102 + F324i,i002 + F3214,1020 + F3421,1002- 

The coproduct on FpSym^'-* is defined by breaking up a into a concatenation of two 
(possibly empty) subwords, o = tt' and taking the standardization of each subword r and 
r'. For example, 

^(Fi423,002l) = 1 ® Fi423,0021 + Fi_o ® F3i2,021 + Fi2,00 ® Fi2,21 + Fi32,002 ® Fi^i + Fi423,0021 ® 1- 

We refer the reader to [30] for further details and precise definitions. 

2.6. The Hopf algebra Sym*^'''. This algebra is again due to Novelli and Thibon [29|[30]. 
It is a level / version of the Hopf algebra of noncommutative symmetric functions, Sym, 
introduced by Gelfand et al. [TU] . 

For each n G N', define the complete homogeneous noncommutative symmetric function 
Sn G FQSym^') by 

Sn = Fi2...n,u; 
deg(«)=n 

where Fi2...n,u is defined as in Equation (12. 3p . In particular 5*0 = 1. For each vector compo- 
sition I = ii . . . im, let 

qI c C 

O — Oi^ ■ ■ ■ 

Note that S^ has multidegree ii + ■ ■ ■ + i„. 

Let Sym*-''' be the subalgebra of FQSym*-''' generated by the Sn- Novelli and Thibon in 
[30] proved the following: 

Proposition 2.4. The complete functions Sn are algebraically independent, so the S^ form 
a linear basis for Sym*-'\ Moreover Sym*-'^ is a multigraded Hopf subalgebra o/ FQSym*-''' 
with coproduct satisfying 

A(5„) =Y,S,® Sy 

n=i+j 

We illustrate this with an example: 
A(5'^2p = 105*^2^ "^"^(o) ®'^(i) "^"^(o) ® ^{D "^"^(i) "^"^(o) "^"^(i) "^"^(o) "^"^(i) 

The basis S^ is the level / analog of the basis S^ defined in [TH] . For us it will be useful to 
consider a level / analog of a different basis from [TH] , the basis of noncommutative power 
sum symmetric functions of the second kind. We introduce these functions next. 

Let • • • ) ii-i be commutative variables. For each /-partite number n = (no, . . . , n;_i)"^, 
let t" = tg" ■ ■ ■ t^'Zi 1 and for each vector composition I = (ii, . . . , i^), let = t'^ ■ ■ ■ t'™. In 
analogy with [T^ Equation (26)], we define the level I noncommutative power sum symmetric 
functions of the second kind implicitly by 

(2.4) h'^ = ^<^+ E ^n^") 

neN'\{0} ' ' neN'\{0} 
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and $0 = 1- Here the logarithm is to be interpreted as a formal operation that satisfies 
log(l + T) = T — + T'^ /?) ± ■ ■ ■ . For each vector composition I = (ii, . . . , i^), let 

The $^ and are related by triangular matrices. To describe this relationship, we adapt 
the notation from [13 §4.3]. For any vector composition I = (ii, . . . , i^), let 7r(I) = HfcLi |ifc| 
and spiVj = £(I)\ vr(I). Now suppose that I < J = Ji---Jm, where N for each k. 
Then define 

m m 

£(J,I) = n W and si)(J,I) = \[sp{3k). 

k=l k=l 

The bases $^ and are related as follows. 



Proposition 2.5. For every vector composition I, we have 

fJ,I 



(2.5) ^'=y: i-iy^'^-'^'^ ^ 



I < J 

and 



(2-6) S'=Y1 

Consequently, the $^ form a basis of Sym^^K 
Proof. From ( 12. 4 p we compute 

from which (12.51) follows by multiplicativity of the By exponentiating (12. 4p . we obtain 

and then (12. 6 p follows by multiplicativity of the S^. □ 

We now gather some additional facts about the 
Proposition 2.6. Every is primitive; that is, 

(2.7) A($„) = + 1. 

Proof. The proof is a straightforward extension of the proof of Proposition 3.10 in [19] and 
will be omitted. □ 

Proposition 2.7. The antipode s on Sym*-'^ satisfies 

(2.8) s($^) = (-1)^« 
and 

(2.9) 5(^1)= ^(-1)^(^)5^ 
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where I is the vector composition obtained by reading the columns ofl in reverse order. 

Proof. It follows from (12. 7p that s($n) = — '^'n- Since s is an anti-homomorphism of algebras, 
fl2.8p follows. Next, following the same argument leading up to Equation (2.14) in [27], we 
have 



Es(S„)t"=s[E5„t"] =s (exp (5^<fnt" 

n>0 \n>0 / \ VnT^O / 



1^0 

exp (5^s(<l>„)r) =exp (5^-<l>„t-) = ($^5„r' 

VnT^O / Vn^^O / \n>0 

which implies 

INn 

Again since s is an anti-homomorphism, (12. 9p follows. □ 

2.7. The Hopf algebra Sym^''K This algebra was introduced by MacMahon our pre- 
sentation here is adapted from Gessel [2T]. 

Let X = X^UX^ U ■ ■ ■ UX'~^ be a set of independent colored commutative variables, with 
X^ = {x^j^ I j G P} being the variables of color i. For n = (no, . . . , ni_iY' G define 

A formal power series in X of finite degree is called a multi- symmetric function if the coef- 
ficients of the monomials x^^Xg^ ■ ■ ■ x^"" and xj^^^x^^^ ■ ■ ■ xj^J^ are equal whenever Ai, . . . , 
are /-partite numbers and ji, . . . , jm are distinct. The set of multi-symmetric functions forms 
a multigraded algebra denoted by Sym^^^ = 0neN' ^V^n^ where the multidegree of a mono- 
mial x^^^ ■ ■ -x^J^ is defined to be the vector sum Ai + ■ • ■ + Am, and the nth multigraded 
component Sym^^ consists of all multi-symmetric functions of multidegree n. 

We will give three bases for Sym^^^ that extend well-known bases of symmetric functions. 
These bases are indexed by vector partitions in the sense of §§231 i-e., multisets of /-partite 
numbers A = {Ai, . . . , Am}- 

First, the monomial function mx is defined to be the sum of all monomials 

Jl J7n 

where ji,...,jm are distinct. For example, using the shorthand Xi = xf\ Xi = xf^ and 
Xi = x['^\ we have 

m/i\/3\='^x]x'^XiX^jXj and m^2^(^3^^2^ = ^ x'^ XiX^j x^j xlxk- 

\4/ \1/ i^j i<k and j({i,k} 

Recall that for a color word u = uiU2 . . . u„ G [0, / — 1]", we defined the multidegree of u 
to be the vector of multiplicities of colors appearing in u (see (12. 2p ). Now for each n G N' 
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with weight n = |n|, we can define the complete function hn by 

/, - V V J""^) J''^) . . . 

U=UlU2...Une[0,l-l]" jl<j2<-<jn 

deg(M)=n 

For example, there are two color words n = 01 and u = 10 of multidegree ( } ), so 

The basis hx is defined multiplicatively, by hx = hx^ hx^ ■ ■ ■ ■ 
Lastly, we define the power sum function p^ by 

oo 

i=i 

and set px = Px^Px2 ■ ■ ■ • Again the multi-symmetric functions px form a basis for Sym^^\ 

We can define a coproduct in Sym^^^ by generalizing the coproduct of ordinary symmetric 
functions: 

A(pn) = 1 ®Pn +Pn ® 1- 

Alternatively, the same coproduct can be defined by the usual method of introducing a 
duphcate set of variables Y and letting A(/(X)) = /(X + Y). 

2.8. The Hopf algebra QSym^^\ This algebra is due to Poirier [21]; our presentation is 
adapted from Novelli and Thibon [2^150] . 

Let X = X^UX^ U ■ ■ ■ UX^~^ be commutative colored variables as before. A formal power 
series in X of finite degree is called a quasisymmetric function of level I if the coefficients 
of the monomials x^^ ■ ■ ■ and x^-^ ■ ■ ■ x^^ are equal whenever ji < ■ ■ ■ < jm and I = 
(ii, . . . , im) is a vector composition. The set of quasisymmetric functions of level / forms 
a multigraded vector space QSym^^^ = 0ngj^i QSym^^ with various natural bases indexed 
by vector compositions. The nth multigraded component QSym^^ is the vector space of 
homogeneous quasisymmetric functions of multidegree n, where once again we define the 
multidegree of a monomial x'j^^ ■ ■ ■ xj^ as the vector sum ii + ■ ■ ■ + i^- 

Here we will consider two bases. First is the quasisymmetric analog of the monomial 
multi-symmetric functions mx- For a nonempty vector composition I = (ii, . . . , i^), define 
the level I monomial quasisymmetric function Mi by 

Mi= Y x;^---x^" 

jl<-<jm 

and let M() = 1. For example, 

M/ 1 3x = ^ Xi x,^ x| Xj and 3 2 ^ = ^ x^. 

V4 ly i<j i<j<k 

As in the level 1 case (see, e.g., [T71 Lemma 3.3]), and as observed by Aval et al. [S] in the 
level-2 case, multiplying two monomial functions MiMj can be described in terms of quasi- 
shuffling. A quasi-shuffle of two vector compositions I and J is a shuffling of the columns of 
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I with the columns of J in which two columns may be added together as they are shuffled 
past each other. An example should make this clear: 

Mn 3^M/2l^ =Mn 3 2 1n + Mn 5 i\ +Mn 23 l^ +Mn 2 4n +Mm 2l3^ +M/3 3l^ 

I02J \50) I0250J l0 7 0J I0520J I052J I0502J I520J 



+ M/3 4A +M/3 13^ +M/2 13M + 2 1 4 ^ +M/2 2 3^ +2M/2 110^ 
152^ 15 2^ I502O/' 15 2^ 1 5 2 J 15 2; 



Thus QSyrrS^^ is a quasi-shuffle algebra. General properties of such algebras are discussed in 



The coproduct is given on the monomial basis by 

A(Mi) = ^ Mj ® Mk, 

I=JK 

the sum being over all ways of writing I as a concatenation of two (possibly empty) vector 
compositions J and K. For example, 

A(Mn 02O = l®M/i 2^ + Mn^ ®M/o2^ +M/i oa ®Mf2\ +Mn 2^ ® 1. 

^ U30r 14 3 0^ \i) 130/ 143/ \0) \A30) 

This coproduct can be equivalently defined by the usual method of introducing a duplicate 
set of variables Y and letting A(/(X)) = /(X + Y). 

It is clear from the definitions that Sym^''^ is a Hopf subalgebra of QSy'm^^\ and that the 
monomial bases of these two algebras are related by 

mx= Ml 

cols(I)=A 

where cols(I) denotes the multiset of columns of I. 

Next we consider the basis of level I quasi-rihhon functions Fi, defined by 

(2.10) Fi= Yl 4r^---4r^ = E^j 



jl<j2<-<jn I^J 
r-ed(I) =^ jr<jr + l 

where I is a nonempty vector composition of weight n, and ui- ■ - u^ = c(/). For example, 
Ff2o\= Y a^iXjffcXf = M/2 o\ + M/2 o\ + M/i 1 o\ + M/i 1 o\ • 

1 01 001 001 0001 

VI 0/ i<j<k<e Vl 0/ Vo 1 0/ VOlO/ Voolo/ 

This basis specializes to Gessel's fundamental basis [20] when / = 1. Unlike the level 1 case, 
however, the product Fi Fj is not always F-positive. For example, 

F/i o\F/o\ =F/oio\ +-^/io\ +-^/io\ — -^/ioo\ +i^/ioo^ 

001 100 10 01 010 001 

-01/ Vo/ Vooi/ Vol/ Vol/ Vooi/ Vo 1 0/ 



2.9. Duality between QSym^^^ and Sym^'\ As Novelh and Thibon observed [29l[30], the 
multigraded dual Hopf algebra of Sym*-'-' may be identified with QSym^^^ by making 
the dual basis of Mj. More precisely, for each n we have {QSym^^)* = Sym^'\ for any 
two vector compositions I and J we have S^{Mj) = 6i^j, and for any T,U & Sym*-'^ and 
G,H e QSym^''\ we have 

Tf/(G) = ^T(Gi)f/(G2) and T{GH) = YTi{G)T2{H), 

where A(G') = 'Y^Gi® G2 and A(T) = ^ Ti ® T2 in Sweedler notation. 
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We can use this duality in several ways. As an example, if we let Sq denote the antipode 
on QSym^''\ then by taking the dual of (12. 9p . we get 



As before, is the vector composition obtained by reversing the order of the columns of I. 

There is yet another interesting pair of dual bases for these two Hopf algebras. Let us 
define Pi to be the basis of QSym^''^ that is dual to the power sum basis $^ of Sym^'\ Thus, 



Since the are primitive, the Pi make up a shuffle basis for QSynv ' . It is well-known that 
a shuffle algebra is freely generated by its Lyndon words; see, for example, [321 Theorem 6.1]. 
We will come back to these ideas in § §5. II 

3. The category of multigraded combinatorial Hopf algebras 

In this section we define the category of multigraded combinatorial Hopf algebras and 
derive a universal property satisfied by QSym^^^ similar to, and inspired by, [21 Theorem 4.1]. 
This leads to a systematic way to investigate morphisms l-i — )■ QSym^^K The closely related 
category of colored combinatorial Hopf algebras was described by Bergeron and Hohlweg 
[I2] and studied further in [23]. We discuss how to relate our work to these earlier versions 
in the second half of this section. 

We will work over the rationals Q, but results in this section are valid over any field. 

3.1. Definitions. Let "H = ©^gp^! "Hn be a multigraded connected Hopf algebra over Q. Let 
(/? : "H — Q be a multiplicative invertible linear functional, or a character, on (see § §4.31 
for more on (convolution) invertible linear functionals). Then we say that the ordered pair 
{H, ip) (or simply "H if is unambiguous from the context) is a multigraded combinatorial 
Hopf algebra. Morphisms in the category of multigraded combinatorial Hopf algebras are 
homomorphisms \E' : "H — "H' of N'-graded Hopf algebras for the multigraded combinatorial 
Hopf algebras ("H, if) and ("H', (/?') such that (/? = (/?' o v]/. 

When / = 1 we recover the original construction of a combinatorial Hopf algebra in [2]. 

Each of the algebras discussed in ^ can be naturally made into a multigraded combi- 
natorial Hopf algebra by pairing it with a character. In the context of this paper, the 
most important example is the Hopf algebra QSym^^^ paired with the universal character 
Cq • QSym^''^ — Q, defined by setting each of the variables xf\x^i \ . . . to 1 and all 

other variables x^^\ j ^ 1, to 0. Alternatively, (q can be defined by 



(2.11) 




3<^ 



Then by (12. 6 p we get 




(3.1) 
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Clearly (q is a character since it is an evaluation map. The significance of this character will 
be discussed next. 



3.2. Universality of the Hopf algebra QSym^''\ The pair {QSym^''\(Q) is terminal in 
the category of multigraded combinatorial Hopf algebras; this generalizes the / = 1 case 
[21 Theorem 4.1]. More specifically we have: 

Theorem 3.1. For every multigraded combinatorial Hopf algebra ('H,C), there exists a 
unique morphism \& : (H, C) {QSym^^\C,Q) ■ Explicitly, ifnEN'' and h G Hn then 



(3.2) 



INn 



where ifl = (ii, . . . , ip) then (i is the composite map 



n 



j,p projection^ (g) (g) "H- '^'^^ ) Q®^ multiplication^ 



This theorem is actually just the k = case of Theorem 14.131 (and also of Theorem I4.22p . 
so we will defer the proof until ^ and focus on examples for now. 

Example 3.2. Recall that we introduced the Hopf algebra TZ^''^ of multigraded posets in 
§g2lll Now we define ( : "^^^'^ Q to be 



C(-P) = 1 for every multigraded poset P. 

Clearly ^ is a character, so {TZ^''\Q is a multigraded combinatorial Hopf algebra. Theorem 
13.11 then implies that we have a morphism J-" : T^'-'-* — QSym^^^ such that Cs ° = C- As 
observed in [2l Example 4.4], the / = 1 version of this morphism is the F-homomorphism 
introduced by Ehrenborg [T7] . 

By (13. 2p . for every multigraded poset P of rank n, we have 



(3.3) 
where 



^(P) = 5^/i(P)Mi, 



INn 



/iii2...im(-P) = number of chains = to < < " " ' < tm+i = 1 in P 



such that rk(t 



rk(tj) = ij for j = 1, . . . , m. 



Thus (/i(P) I I 1= n) is a refinement of the usual fiag /-vector of a graded poset. 
For example, if 

-(1,2) 



P 




where the labels represent multiranks, then 
J^(P) = M^i^ + M^io) +2M(oi) +^(10 
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(0,0) 



M.0 1^ 
12 0/ 



Mn oo^ +M/olo^ +2M/oor 
\0 1 l) \1 l) liio. 



Another way to express fl3.3p . analogous to [351 Equation (1)], is 

jr(^p) ^ ^ ^rk(fi)-rk(to)^rk(t2)-rk(ii) _ _ _ ^rk{tk)-rk{tk-i) 

d=to<ti<-<tk-i<tk=i 

where the sum is over all multichains in P from to 1 in which 1 occurs exactly once. 

Example 3.3. Recall that we defined the Hopf subalgebra T^^'^'"* of TZ^''^ in § §2.2[ Now we 
consider the restriction of the character ( from the above example to TZ^''^'^. For simplicity 
we also denote the restricted character by so 

is given by C{P) = 1 for every k-Eulerian poset P. Note that is just the Mobius function 
fi. Thus if P is k-Eulerian of multirank n < k (hence P is Eulerian), then (~^{P) = fi{P) = 
(—1)1"! = C(-P)- We can therefore assert that 

(3.4) C{h) = C-\h) for every /i G TZ'^^'^. 

n<k 

If every entry of k is oo (hence there are no restrictions on h), then (13. 4p amounts to saying 
that ( is an odd character, in the sense of [2]. Thus (13. 4 p suggests a way to refine the 
definition of odd character. This is the motivation for our definition of a k-odd character in 

Example 3.4. Recall that we defined the Hopf algebra P*^'^ of colored posets in § §2. 31 We 
will say that a colored poset P is naturally labeled if it has a linear extension of the form 
(12 ■ ■ ■ n, u). Define C : P^'^ ^ Q by 



1 if P = or P is naturally labeled 
otherwise. 



Clearly P and Q are naturally labeled if and only if P U Q is. Thus C is a character, and 
(P'-'^C) is a multigraded combinatorial Hopf algebra. Let F : P^'^ — )■ QSym^^^ be the unique 
morphism of multigraded combinatorial Hopf algebras satisfying Cs°r = (. We will describe 
this map F in a bit more detail shortly, but first we need a new notation. Recall that colored 
permutations were defined at the beginning of § §2. 51 If (cr, u) is a colored permutation of n 
and Des(cr) = {si < S2 < ■ ■ ■ < Sp}, then set Sq = and Sp+i = n, and define Des((T, u) to 
be the vector composition of length p + 1 whose ith column is the sum of columns + 1 
through Si in the vector composition E^ = (e„^, ■ ■ ■ , e„^). For example, 

/O 1 1 0\ 
E120101 =10 10 1 and Des(251463, 120101) = 
\0 1 0/ 

In short, Des(o", m) keeps track of the descent set of a along with the multiset of colors 
appearing in each run of ascents. 

Proposition 3.5. Let P be a colored poset, and let L{P) be the set of linear extensions of 
P. We have 

(3.5) F(P)= Yl E 

{o-,M)gL{P) Des((7,M)< E„ 
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Proof. For each subset I ^ P, let deg(/) = {no, . . . ,ni-i)'^ G where Ui is the number of 
elements in / with color i. By (13. 2p we have 



r(P) = Yl ^(^^(^1 \ ^0))C(st(/2 \ /l)) ■ ■ ■ Cistilm \ Im^l)) 

0=/o£-flC/2C-C/„=P 

■ ^^(deg(/i\/o),deg(/2\/i),...,deg(/„\/^_i)) 

where the sum is over all chains of order ideals in P. By the definition of C we only need to 
sum over chains ^ = Iq ^ ■ ■ ■ ^ Im = P such that st(/j \ is naturally labeled for each i. 
For every such chain C, let [Jj \ denote the word obtained by reading the elements of 
li \ in order of increasing absolute value, and let vr(C) = [Ji \ Jq] ■ • ■ [Im \ Im-i]- Thus 
7r(C) is a linear extension of P, written as a concatenation of subwords with no descents. 
This linear extension (and its decomposition into subwords) contributes a term of the form 
Mi, Des(7r(C)) ^ I ^ E„ to our expression for r(P), where u = c(7r(C)). Conversely, for 
any linear extension [a, u) G L{P) and any I = (ii, . . . , i^) such that Des((j, u) < \ < E^j, 
we can find a unique chain C = {0 = Jq C /^^ C • ■ ■ C = P} with 7r(C) = (cr, n) and 
deg(/j \ Ij-i) = ij for every j by letting Ji be the first |ii| elements of (a, u), I2 \ h be the 
next 1 elements of {a,u), and so forth. □ 

Another way to get from P*^'^ to QSym^''^ is through the Hopf algebra T?.*-'^ of multigraded 
posets. If P is a colored poset, let J(P) as usual denote the poset (distributive lattice) of 
order ideals of P ordered by inclusion. We make J(P) into a multigraded poset by defining 
the multirank of an order ideal / G J(P) to be the multidegree of / as a colored poset (i.e., 
the vector of multiplicities of the colors appearing in /) . This gives us a map 

J : P« ^ 7^(') 

which is easily shown to be a morphism of Hopf algebras using elementary properties of order 
ideals. Notice that J{P) depends only on the colors of the elements of P and not on their 
absolute values. When / = 1 this is essentially the map considered in [21 Example 2.4]. 

Example 3.6. Recall that we defined the Hopf algebra FQSym'-'^ in § §2. 51 Now we define 
C : FQSym^') ^ Q by 



C(F.,„) 



if a is the identity permutation in (3„ for some n 
otherwise. 



It is easy to see that C is a character, so by Theorem 13.11 there is a unique morphism of 
multigraded combinatorial Hopf algebras V : FQSym^'-* — QSym^^^ such that Cs ° ^ = C- 

Now using (13. 2p . we can see that 

(3.6) I?(F.,.)= ^1= E 

Des(cr,'u) < I < (e„-^,...,e„„) jl<j2<---<jn 

r-eDcs((T) => jr<jr + l 

As a special case of (13.61) . if Des(M) C Des(cr) then 

(3.7) ViF^^u) = Fr)esia,u)- 

It also follows from (13.61) that for every n G N', 

P(S„) = h^. 
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Thus Sym^^^ is the commutative image of Sym^'-' under V. 

Novelh and Thibon [30] noted that each Fi arises as the commutative image of certain 
Fcr^u under the abehanization map ab : Q(A) Q[X], ^ x^j\ Comparing ( 12. 3p with 
fl3.6p . we see that the morphism V is in fact just the restriction of ab. To summarize, the 
diagram 

Syj^Wc ^ FQSym(')^ Q((A)) 



V 



ab 



is commutative (cf. [H §1.3]). 



QSym 



(Oc 



XI 



To see the more general picture, we consider once again the setup from § §3.4[ The map 
]7 ; p(0 _s. QSym^''^ defined exphcitly in Equation (13. 5 P factors through FQSym''''' via the 
morphism F : P*-') -» FQSym'-'-* given by 

f(p)= J2 F.,.- 

When / = 1, r(P) is the free quasisymmetric generating function of P introduced by 
Duchamp et aL [16l Definition 3.15]. Combining (13. 6 p and (13. 5p . we see that T = V oT . 

We can summarize the relationship between the various examples discussed so far in the 
following commutative diagram: 

p(z) p(0 

f 



FQSym 



Sym 





r 



QSym 



J 




(0 



Sym 

Note that V ^ T o J because r(P) depends on the absolute values of the elements of P while 
J(P) does not. 



3.3. The Bergeron-Hohlweg theory of colored combinatorial Hopf algebras. We 

now briefly review the theory of m-colored combinatorial Hopf algebras |12]. Our presenta- 
tion follows [23]. Then we describe how to relate this theory to our work here. 

An /-colored combinatorial Hopf algebra is a pair ("H, 0) where 'K = 0„gN is a 
graded connected Hopf algebra and = Lp^-^\ ■ ■ ■ is an /-tuple of characters 

i>Q,i = 0,l,-- - ,1 — 1. Morphisms in the category of /-colored combinatorial Hopf 
algebras are maps : "H — )■ "H' such that y?^*) o v]/ = (^(*) for z = 0, 1, ...,/ — 1. 
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Remark 3.7. To see explicitly how the /-colored combinatorial Hopf algebras ("H, (f) of [12] 
correspond to the /-colored combinatorial Hopf algebras ("H, 0) of [23], recall first that for 
[T2] . an /-colored combinatorial Hopf algebra is a pair (Ti^f) where "H = ©^g^'Hn and 
ip : ^ Q[Ci]. Here Ci is the cyclic group generated by w, a primitive Ith root of unity. 
Elements of Q[Ci] are polynomial expressions of the form go + QiU! + q2w'^ + ■ ■ ■ + 
where G Q for each i = 0, 1, — 1. To make these two definitions of /-colored 

combinatorial Hopf algebras compatible, the multiplication in Q[Ci] should be defined on the 
color components via: 

. \w' ifi=j; 
otherwise 



w w 



and extended linearly [23]. Then we can identify any particular map ip : H Q[C/] with an 
/-tuple = {(p^^\ip^^\ ■ ■ ■ ,(y9'^'~^^) by first defining the functions gi : "H — ?■ Q such that for 
any /i G "H we have: 

ip{h) = qo{h) + qi{h)w + q2{h)w^ + ■■■ + qi-i{h)w^-\ 

Then we simply set = qi for z = 0, 1, ■ ■ ■ , / — 1. We will have: 

<^(/i) = ^(o)(/i) + if(^\h)w + ip^^\h)w^ + ■■■ + Lp^^-^\h)w^~^ for all h&'H. 

The terminal object in this category is the Hopf algebra QSym^''^ of /-colored quasisym- 
metric functions, first studied by Poirier [31]. The bases of QSyrm?^ are typically indexed by 
l-colored compositions a = ((ai, Mi), . . . , (a^, Mm)), where (ai, . . . , a^) is an integer compo- 
sition (vector of positive integers) and Ui . . . Um G [0, / — I]*" is a color vector. In the following 
we will write a N ;n when a is an /-colored composition of n. A natural basis for QSym}^^ 
is the set of colored monomial quasisymmetric functions Ma^ , defined by 

(il.«l)<lcx---<lGxOm,Mm) 

where <iex refers to the lexicographic order on P x [0, / — 1]. 

Baumann and Hohlweg [6] proved that QSym^^^ is a Hopf subalgebra of QSym^''\ A 
different but isomorphic realization of QSyrn^^^ was introduced by Novelli and Thibon [29]. 
To see that QSym^^^ C QSym^''\ note that the monomial functions Ma^ can be written in 
the monomial basis Mj as follows (recall that ej denotes the zth coordinate vector in and 
that the partial order is defined in §2.41) : 

(3.8) M«= Yl 

I^s(oi-e„j^ ,...,am-eum) 

with a = ((«!, Ml), . . . , {am, Um))- For example, 

n<j2<«3<«4 «1<*2<«3 

M/0 10 3\ +M/0 13 



2 
VO 1 



2 
\0 1 



Details of the Hopf algebra structure of QSym^''^ can be found in 
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The universal character tp = . . . , ip^'' "^•') of QSym^^^ is defined as a tuple of evaluation 
characters: each ip^^^ takes the variable x^^ to 1 and all other variables to 0. Equivalently, 



if a = or a = ((a, i)) 
otherwise. 



In [231 Theorem 13] it is shown that for any colored combinatorial Hopf algebra (7/, (p), there 
is a unique morphism \l/c : {'H,<p) {QSyrmy^^ip) of colored combinatorial Hopf algebras 
given explicitly by 

(3.9) ^,{h) = J2 Va{h)M^\ 

o N in 



for any h G Tin, where for a = [u^'^ai, . . . , u^'^ak), ^Pa is the composite map: 



We will now see how QSym^^^ fits into this picture. Let i = 0, 1, — 1 be the 
character on QSymS^^ that takes x"i to 1 and all other variables to 0. Let C, = {C^^\ • • • , C*''"^'')? 
so {QSym^''\() becomes an /-colored combinatorial Hopf algebra. Note that we are ignoring 
the multigrading on QSym^''^ and thinking of it as an ordinary graded Hopf algebra QSym^^^ = 
e^Lo QSymll\ where (?5?/m« = e|„|^„ QSymi^l 

Since defined above is just the restriction of C'-*'' to the subalgebra QSy'm^''\ it follows 
that {QSym^''\tp) is a combinatorial Hopf subalgebra of {QSym^^\Q. 

Proposition 3.8. In the category of colored combinatorial Hopf algebras, the morphism 

{QSym^'\ij)-^{QSym^'\C,) 

is the inclusion map. 

Conversely, the result quoted above [231 Theorem 13] implies that there is a morphism 
going in the other direction, {QSym^^\(Q) — > {QSym^''\ip). We now describe this map 
more explicitly. A vector composition I will be called monochromatic if it is of the form 
I = («! ■ e^j^, a2 ■ e„2, . . . , ■ e„^) for some ui, . . . ,Um € [0, / — 1]. In this case we define w(I) 
to be the colored composition w(I) = {{ai,ui), . . . , {am,Um))- The following can be proved 
by a straightforward application of (13.91) . 

Proposition 3.9. Let \l/c : QSym^^^ QSym^^^ be the unique morphism of graded Hopf 
algebras satisfying ip^^'' o = (q for all i. For every vector composition I, we have 



^c(Mi) 



ifl is monochromatic 
otherwise. 



A consequence of Proposition 13.91 is that QSym^^^ can be identified with QSym^^^ modulo 
the relations x^^x^f* for p ^ q and i = 1,2, . . .. This realization of QSym'^''^ was first given 
by Novelli and Thibon [2U] . 

Lastly, one can view QSyrn^^^ as a multigraded combinatorial Hopf algebra by pairing it 
with the character ip = ^^^"^^^^^ ■ ■ ■ Then Theorem 13.11 implies the existence of a 
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morphism \1/ : QSyrm?^ — QSym^^^ of multigraded combinatorial Hopf algebras satisfying 
C,qo'^ = il). It is clear from the definitions that 



Cs(M«) = ^(mW) 



1 if a = or a = ((ai, Ui), . . . , (a^, Um)), Ui < U2 < ■ ■ ■ < Ur, 
otherwise. 



Therefore \1/ is the inclusion map. In other words, the following holds: 

Proposition 3.10. In the category of multigraded combinatorial Hopf algebras, the mor- 
phism 

{QSym^\ij)^{QSym^'\(:Q) 

is the inclusion map. 

4. Definitions and basic properties of k-ODD and k-EVEN Hopf algebras 

In this section we develop the notions of k-odd and k-even subalgebras of multigraded 
combinatorial Hopf algebras. Our constructions and results directly generalize the definitions 
and basic properties of odd and even Hopf subalgebras developed by Aguiar et al. [2]. 

4.1. Basic constructions. Let % = ©nsN' ^ multigraded connected Hopf algebra. 
For a linear functional : H — ?■ Q, let ipn denote the restriction of ip to Hn- This is an 
element of degree n of the (multi)graded dual "H*. We also define Tp to be the functional 
given by lp{h) = for h E n^- 

Let ip,ip : H ^ Qhe characters. The canonical Hopf subalgebra 5(9?, ijj) and its orthogonal 
Hopf ideal T{ip, ijj) are defined in [21 Section 5] for N-graded Hopf algebras. Generalizing to 
the N'-graded case, we define S{ip,ip) to be the largest graded subcoalgebra of such that 

and ip) to be the ideal of "H* generated by — "^n for each n G N'. 
We now define k-analogs of these. 

Let / be a positive integer, to be fixed for the rest of this section. It will be convenient to 
work with the "extended" /-partite numbers (NU {00})', where the symbol 00 is understood 
to be larger than every natural number. 

For k e (N U {00})', let S\^{^p,ip) denote the largest graded subcoalgebra of l-i with the 
property that 

(4.1) ^{h) = tP{h) for all h G 5k(<^, ^A) H Un- 

n<k 

(When forming direct sums it should be understood that our indices lie in NK) Equation 
(14. ip defines Sk{ip,ip) as the largest graded subcoalgebra of "H whose graded pieces up to 
degree k are all contained in ker (93 — -j/^). In other words, Sk{ip,ilj) is the largest graded 
subcoalgebra of "H whose intersection with 0n<k^n, the k-initial graded piece of "H, lies in 
the kernel of (p — ip. 
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Note that this last statement is equivalent to asserting that the graded pieces up to degree 
k of Sk{ip,ip) lie in ©n<k(^^^V^n — "^n)- Thus, we can alternatively define Sk{ip,ip) as the 
largest graded subcoalgebra of with the property that 

(4.2) V/i e 5k ((^, i;), ipn{h) = i^nih) for all n < k. 

Next we let X^{ip,ip) denote the ideal of the graded dual Ti* generated by (p^ — V'n for 
each n < k. Each T^{(p, ip) is generated by homogeneous elements and so is a (multi)graded 
ideal oiV.*. 

Recall that G N' denotes the zero vector. Let oo G (NU {c)o})' denote the vector whose 
entries are all oo. For any k G (N U {oo})', 

and 

The properties of S{ip, ip) and X((y9, ip) stated in [21 Theorem 5.3], along with their proofs, 
extend without difficulty to their k-analogs: 

Theorem 4.1. LefH = ®neN' ^ multigraded connected Hopf algebra and let (p,ip : Ti ^ Q 

be characters onl-i. Define S]i{ip,ijj) andX^{ip,ilj) as above. Fork G (NU{oo})^ the following 
properties hold: 

(a) SU^,i;) = il\^,^))^; 

(b) X^{ip,ip) is a graded Hopf ideal ofH*; 

(c) Sk,{ip,ip) is a graded Hopf subalgebra ofH. 

Here, X^{ip,ip)^ is the set {hen: f{h) = for all f G I^{ip,'ip)}. 

The proof of this result follows the main lines of the proof of [21 Theorem 5.3]. We 
include it here in order to demonstrate the general feel of the proofs of some of the more 
straightforward extensions of the results of [2] to their k-analogs: 

Proof. We begin with part (a). Since I^{^p, ip) is a (multi)graded ideal of T-L*, X^{ip, ip)-^ is a 
(multi)graded subcoalgebra of "H. Let h = ^ ^^iv^^ V^)"*"' where all but finitely many 

of the /li are zero and hence the sum is finite. Because v^i — ^/'i G X^{ip, ip) for all i < k, we 
have ^i{h) = ipi{hi) = ipi{hi) = ipilh) for all i < k. Then it follows from the definition of 
Sk,{(p,ip) (as the greatest subcoalgebra of "H satisfying Equation 04.21) ) that h G 5k(v5,V')- 

Next let C be a graded subcoalgebra of H such that for all i < k, (pi{h) = ipiih) for all 
h = hi E C; here once again we assume that all but finitely many of the terms hi 

are zero. Since C is a coalgebra and X^{if,ip) is the ideal generated by (pi — ipi for i < k, 
it follows that /(C) = for all / G X^{^,^). This shows that S^i^/i:) C X^{^,i:)^ and 
concludes the proof of part (a). 

To prove parts (b) and (c), we begin by noting that the product C ■ D oi two graded 
subcoalgebras of "H is again a graded subcoalgebra. This makes S^^ip, ip) ■ iSk(v5, ^j) a graded 
subcoalgebra of "H. By the multiplicativity of ip and ip we have: 

(4.3) {if - ip) (xy) = {ip-ip) {x)(p{y) + -^{x) {if - ip) (y) 
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Now if x,y G Sk{ip,ip) such that xy G ©n<k^n5 we also have x,y E 0n<k^n and so 
by Equation (14. ip . we have {ip — ip){x) = — ip){y) = 0. Equation f l4.3p then gives us 
{ip — ip){xy) = 0. This proves that Sk{ip,ip) ■ Sk,{ip,ip) C Sk{ip,ip)- 

Finally we note that "Ho = Q ■ 1 is a graded subcoalgebra of "H and (f{l) = '^/'(l) = 1 so 
we can conclude that Tio is included in S]i{ip,tlj). This proves part (c), or in other words, 
that S]i{ip,ip) is indeed a Hopf subalgebra of H. Together with part (a), this implies that 
I^i^p, ip) is a coideal of "H*, and thus we are also done with part (b). □ 

Remark 4.2. A natural k-analog of part (d) of [21 Thm.5.3] is also valid: More specifically 
one can easily show that a homogeneous element /i G "H belongs to iSk(v5,'?/^) if and only if 

(id ® ((^n - V^n) ® id) o A(2)(/i) = 

for all n G such that n < k. 

In the next proposition we list a few properties of 5k(v5,^/') and the associated ideals 

Proposition 4.3. Let H = (Bnen'-'^n be a multigraded connected Hopf algebra and let 
■?/;, Ip' be characters on H. The following hold for all k G (N U {oo})'; 

(a) There is an isomorphism of graded Hopf algebras 

(b) Suppose that 

^-ly, = (7^')-V' or ifi/j-^ = if'iipT^. 

Then 

5k(<^, 4j) = 5k(<^', and X^((^, tP) = I'^i^', iP'). 

(c) 5k((/5,^) =Si,{ip,Lp) andX^{Lp,ip) =X^{ip,Lp). 

Proof. Parts (a) and (b) are the k-analogs of Corollary 5.4 and Proposition 5.5 of [2], re- 
spectively, and their proofs follow the proofs of those results in a straightforward manner. 
Part (c) follows directly from the definitions. □ 

4.2. k-analogs of odd and even subalgebras. Theorem 14.11 justifies the following gen- 
eralization of the definition of the odd subalgebra S^{'H,ip) = S(Tp,Lp~^) of a combinatorial 
Hopf algebra {'H,ip) Def.5.7]: 

Definition 4.4. Given a multigraded combinatorial Hopf algebra {T-L, ip) and k G (NU{oo})', 
we call Sk(jp, ip~^) the k-odd Hopf subalgebra of ("H, ip) and denote it by O^ipH, ip), or simply 
by O^ipH) when ip is obvious from context. 

Similarly we can make the following definition (cf. [21 Def.5.7]): 

Definition 4.5. Given a multigraded combinatorial Hopf algebra ("H, (p) and k G (NU{oo})', 
we call Skijp, ip) the k-even Hopf subalgebra of (pH, ip) and denote it by S^(pH, ip), or simply 
by S^{T-L) when ip is obvious from context. 



We introduce a special notation for the associated ideals: 
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Definition 4.6. Given a multigraded combinatorial Hopf algebra {H, (f) and k G (NU{oo})', 
we call X^(if,ip~^) the k-odd Hopf ideal of ("H, v?) and denote it by XO^{'H,ip), or simply 
by XO^{'H) when is obvious from context. Similarly, we call X^{ip,ip) the k-even ideal of 
("H, if) and denote it by XS^iTi, ip), or simply by XS^{'H) when is obvious from context. 

For future reference, we collect together a few basic properties of k-odd and k-even sub- 
algebras in the next proposition: 

Proposition 4.7. Let (71, (p) be a multigraded combinatorial Hopf algebra. 

(a) O^iTi) and S^iTi) are multigraded Hopf subalgebras ofH, for each k G (N U {oo})'. 

(b) XO^in) andXS^CH) are multigraded Hopf ideals ofH*, for each k G (NU {cx)})'. 

(c) There are isomorphisms of multigraded Hopf algebras 

o^in) = n*/xo^{n) and s^{n) = n*/xs^{n) 

for each k G N. 

(d) Let k G (N U {oo})'. O^lTi) is the largest subcoalgebra ofH with the property that 

for every h G O^iTi) of degree n < k. Similarly £^{1-L) is the largest subcoalgebra of 
H with the property that 

for every h G 0^{'H) of degree n < k. 

Proof. Parts (a), (b) and (c) are simple specializations of earlier results. Part (d) follows 
from Equation (14. 2p . which allows us to describe 0^{T-L) as the largest subcoalgebra of % 
with the property that 

((/?-^)n(/i) = (-l)l'l(/;n(/i) for all n < k 

for every h G 0^{'H) of degree i, and £^{71) as the largest subcoalgebra of "H with the 
property that 

^n{h) = (-l)l'l<^n(/i) for all n < k 
for every h G O^lH) of degree i. □ 

4.3. Invertible linear functionals. Let "H be a multigraded connected Hopf algebra over 
Q. Recall that the convolution product of two linear functionals ip,ip : H Q is given as: 

where the arrows are, respectively, A^, ip^ip and rriQ. In the following, we choose simplicity 
and write convolution by concatenation; in other words, we denote the convolution of ip and 
simply by cpijj. Moreover we simply say invertible when we mean convolution invertible. 

We know that the set X('H) of characters of an arbitrary Hopf algebra 7/ is a group under 
the convolution product, where the unit element is given by the counit of H and the 
inverse of a given element (p of X('H) is (p~^ = ip o s-^. Here is the antipode of "H. It is 
easy to see that ip{(p> o s^) = (v^ o Sy)(p> = e-^. 
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In this paper, invertible linear functionals play an important role. Therefore we now 
focus on the notion of invertibility and collect together some facts about invertible linear 
functionals on a combinatorial Hopf algebra. Here is a basic characterization of invertibility, 
which is noted in [3]: 

Lemma 4.8. Let ip : ^ Q be a linear functional. Then if is invertible if and only if 

Because of this lemma, we will make the reasonable assumption that all of our linear 
functionals satisfy ^p{l) 7^ 0. In fact, all the linear functionals we will be considering will 
satisfy (p{l) = 1. 

Here are two more simple observations about invertible linear functionals. 

Lemma 4.9. Let (f and p be invertible linear functionals on H. Assume that = p(l) = 
1. Let k > 0. If (pn = Pn for all n < k, then (</?~^)n = (p~^)n for all n < k. 

Proof. We prove this by induction on n. For the base case we have {if~^)o = (p~^)o = Let 
n be such that < n < k. Then by induction we have 

07^i<n 0^i<n 

Lemma 4.10. Let ip be an invertible linear functional on H. such that (^(1) = 1. Then 
Proof. It is easy to verify that (<^~^)o = (v^~^)o = For n > 0, by induction we have 

07^i<n 0^i<n 

= - Y = {^-')n = (^)n. □ 

7^ i < n 

4.4. k-odd linear functionals. We next recall the definition of an odd character from [2]: 
A character (p of an N-graded Hopf algebra "H is odd if ^ = (p~^. Here the bar denotes the 
involution H- ^ on the characters of "H defined by ^(/i) = {—l)"'(p{h) for h e Tin- Recall 
also that at the beginning of this section, we introduced the analogous involution for the 
multigraded case: <^(/i) = (— for h G Hn- 

In order to define the k-analogs of odd characters, we once again focus on invertibility 
first. We begin with the following: 

Definition 4.11. A (convolution) invertible linear functional (p is called k-odd if (jp)n = 
i'P"^)!! for all n < k. 

Note that for / = 1, k is simply a natural number k, and an odd character in the sense of 
[2] is k-odd for all A; G N. Thus the following is a most natural notion to introduce: 

Definition 4.12. A (convolution) invertible linear functional on H is called odd if it is 
k-odd for all k G (equivalently, for all k G (N U {00})'). 
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In the rest of this section, we will use the notation for 0^{QSym^''^), the k-odd subal- 
gebra 5k(CQ) (Cq)~^) of QSym^^\ Similarly we will use the notation £^ for S^{QSym^''^), the 
k-even subalgebra iSk(Cs5Cs) of QSy'm^^\ 

Here is the main result of this subsection: 
Theorem 4.13. Let T-L be a multigraded Hopf algebra 7i and let k G (N U {oo})'. 

(1) If (f : H ^ Q is a k-odd linear functional on Ti, then there exists a unique morphism 
\1' : H — 7- QSym^''^ of N'' -graded coalgebras such that (qo = (p. The image of^> lies 

(2) Explicitly, if n and h G Tin then 

(4.4) ^{h) = J2Ah)M,, 

INn 

where ifl = (ii, . . . , im) ^ n then v?^ is the composite map: 

U ^^^^^^ H,,®H,, ® ■ ■ ■ ® ^ Q^™ r^t^Ua^on^ 

(3) If if is a character then ^ is a homomorphism of multigraded (combinatorial) Hopf 
algebras. In other words, {O^, Cq) is the terminal object of the category of multigraded 
(combinatorial) Hopf algebras with h-odd characters. 

Remark 4.14. For k = 0, is equal to QSym^^\ and the above theorem reduces to 
Theorem 13.11 

Proof. For a linear functional (f : H ^ Q, Theorem 4.1 of [2] provides us with a unique 
graded coalgebra map \1/ between "H and QSym^^^ satisfying o \1> = provided 1 = 1. Here 
we are interested in general /. Moreover, the statement we are making applies to a certain 
class of linear functionals on N'-graded connected Hopf algebras, the k-odd ones. In this 
case, our theorem asserts that the image of the relevant morphism lies in O^. Below we 
follow the construction in the proof of Theorem 4.1 of [2] carefully and modify as necessary 
to make sure that we get what we want. 

We first construct a map $ : Sym^') H*. Recall from §g2l] that Sym^'^ is freely 
generated as an algebra by {Sn \ n G N'}. We let $ be the algebra homomorphism that 
maps Sn to ipn, the restriction of ip to Tin- Clearly ip^ is in ("Hn)* = {'H*)n, so $ preserves 
the N'-grading. 

We next set \1/ = $* be the dual map from Ti into Sym*-'-* = QSym^''\ In particular these 
two maps ought to satisfy 

^iSn)ih) = (Sn o or equivalently, {ipn{h) = S^o 

Then \& is a graded coalgebra map. 

Now since as an element of QSym^''^ = Sym'-'^ the nth graded piece of is ^n, we have: 

and therefore Cs ° ^ = This shows that \1/ : "H — QSym^''^ is a morphism of combinatorial 
coalgebras. 
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Next for any vector composition I = (ii, . . . , i^) N n define (f^ to be the composition: 



where the unlabeled arrows stand for A*^™"^-', the tensor product of the canonical projec- 
tions onto the appropriate homogeneous components, and ip®"^, respectively. Since = 
Si^ - ■ ■ Si^, we can see that $(S'^) = (^9^, and so is given by: 

INn 

where h G Tin- Uniqueness of \1/ follows from the uniqueness of $ by duality. 

Finally we need to show that the image of \1/ lies in O^. Now, if ip is k-odd, then by 
definition, we have: (^)n = (p"^)!! for all n < k. But then, since Sk(Tp,Lp~^) is the largest 
subcoalgebra of H satisfying 

V/i G Skip, (p"'), pM = i¥>~%ih) for all n < k, 
(cf. Equation fl4.2p ). we can easily see that 

ip)-') = n. 

But since we have = S^^Cq, (Cq)~^)) our statement reduces to: 

vl/(5k(^, M-^))c5k(C^, (Cq)-'). 

This will follow readily from a modification of Prop. 5. 6(a) of [2] (also see [2| Prop. 5. 8(e)]): 

Lemma 4.15. Let if and ip be linear junctionals on the multigraded coalgebra H, and let ip' 
andip' be linear functional on the multigraded coalgebra Ti' . Let ^ -.l-i ^l-L' be a morphism 
of multigraded coalgebras with ip = p' o and ip = ip' o . Then '^{S]f^{p,ip)) C S]f^{p' , 
for each k G . 

Modulo the proof of this proposition (which can be obtained by a simple modification of the 
relevant arguments in [2]), we are done with the proof of part (a). 

Part (b) follows from the observation that (q o = p now implies that is in fact a 
morphism of multigraded combinatorial Hopf algebras. The argument follows the same route 
as that in the proof of Theorem 4.1 in [2]. In particular we consider the two commutative 
diagrams: 

. QSym^'^ and {QSym^'^)®^ QSym'-'^ 




where the unlabeled arrows represent \1/ and respectively, and m stands for the multi- 
plication in the appropriate space. The fact that all the arrows in both diagrams are graded 
coalgebra maps, together with the universal property of QSym^''^ as a combinatorial coalge- 
bra which has already been established, implies that the two diagrams can be glued together 
to obtain o m = m o il/'^^. From this we can conclude that \1/ indeed is a morphism of 
(combinatorial Hopf) algebras. 
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Note that the above imphes that \1/ is multiphcative if (f is. This gives us the following 
formula which is not obvious from basic definitions: Given hi G "Hm, h2 G "Hna, (and so 
hih2 E "Hni+na); wc havc: 

It=ni+n2 IiNni I2 N n2 

Remark 4.16. A k-analog of part (b) of Proposition 5.6 from [2] can also be proved, but 
we will not need it in this paper. 

Example 4.17. Recall that we defined the Hopf algebra TZ^''^'^ of k-Eulerian posets in § §2.21 
and described a suitable character ( on it in Example 13. 3t also see Equation (13.31) . Now we 
can see from Equation fl3.4p that this ( is indeed a k-odd character. Thus if P is k-Eulerian, 
then J^{P) € O^. This in turn implies that the flag numbers fi{P) must satisfy certain 
linear relations. To understand what these relations are, first notice that 

s\HP)) = MP) 

for every vector composition I and every multigraded poset P of multirank n = SI. There- 
fore, given scalars ai G Q, I 1= n, we have 

^ ai 5^ G lO^iQSym'^^^) ^ ^ ai /i(P) = for all P such that J^(P) G O^. 

Il=n INn 

The ideal XO^{QSym^^^) is described explicitly in ^ see in particular Theorems 15 . H [5?TT] and 
15.191 and Corollary I5.12[ We continue with this example in Remark 15.131 where we explicitly 
describe the linear equations the flag numbers fi{P) must satisfy. More specifically we show 
there that the natural k-analogues of the generalized Dehn-Sommerville equations hold for 
all k-Eulerian posets. 

Here is a characterization of k-odd characters in terms of the k-odd subalgebra of a 
multigraded combinatorial Hopf algebra which follows easily from definitions: 

Proposition 4.18. Let {Ti, ip) he a multigraded combinatorial Hopf algebra. Then ip is k-odd 
if and only if 0^{1-L) = U. 

One can also relate k-odd characters on a combinatorial Hopf algebra to k-odd subalgebras 
of the dual Hopf algebra: 

Proposition 4.19. Let be a multigraded connected Hopf algebra with a character ip : — )■ 
Q and let rj : %* Q be any character on the dual Hopf algebra "H*. If ip is k-odd, then for 
n < k, the homogeneous component ip^ belongs to 0^{'H*,r]). 

Proof. This is a straightforward k-analog of Proposition 5.9 of [2], and the proof follows 
similarly. Also see Remark 14. 2[ □ 

We will study a most fundamental example of k-odd functionals in Section O 
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4.5. k-even linear functionals. We will now briefly ponder the question of what we can 
say about the k-analogs of even characters. Recall from [2| that a character </) of a graded 
Hopf algebra "H is even if ip = ip. Therefore, we will deflne k-even functionals as follows: 

Definition 4.20. A (convolution) invertible linear functional ip is called k-even if {Tp)n = 
for all n < k. 

Note that when / = 1, k is simply a natural number k, and an even character in the sense 
of [2] is k-even for all G N. Thus the following is a most natural notion to introduce: 

Definition 4.21. A (convolution) invertible linear functional (p onT-t is called even if it is 
k-even for all k G N' (equivalently for all k G (N U {oo})'). 

Recall that we use the notation for S^{QSym), the k-even subalgebra iSk(CQ,CQ) of 
QSym. With these deflnitions one can prove the following result analogous to Theorem 14. 131 

Theorem 4.22. Let H be a multigraded Hopf algebra "H and let k G (N U {oo})'. 

(1) Ifp-.H^Qisa k-even linear functional on l-L, then there exists a unique morphism 
\1' : H — )■ QSym^''^ of W -graded coalgebras such that (qo = ip. The image of^ lies 
in 

(2) Explicitly, if n and h G Tin then 

(4.5) <i/{h) = J2Ah)Mi, 

INn 

where ifl = (ii, . . . , im) ^ n then tp^ is the composite map: 

(3) If p is a character then ^ is a homomorphism of multigraded (combinatorial) Hopf 
algebras. In other words, [£^, Cq) is the terminal object of the category of multigraded 
(combinatorial) Hopf algebras with k-even characters. 

The proof is similar to that of Theorem 14.131 and will be skipped. 

Remark 4.23. For k = £^ is equal to QSym^''\ and the above theorem reduces to 
Theorem 13.11 

Here is a characterization of k-even characters in terms of the k-even subalgebra of a 
multigraded combinatorial Hopf algebra which follows easily from deflnitions: 

Proposition 4.24. Let ("H, p) be a multigraded combinatorial Hopf algebra, p is k-even if 
and only if £^ ((H) = l-L. 

One can also relate k-even characters on a combinatorial Hopf algebra to k-even subalge- 
bras of the dual Hopf algebra: 

Proposition 4.25. Let Ti be a multigraded connected Hopf algebra with a character p} : H ^ 
Q and let t] : T-L* Q be any character on the dual Hopf algebra l-L*. If p is k-even, then 
for n < k, the homogeneous component pn belongs to S^{'H*,ri). 

Proof. This is a straightforward k-analog of Proposition 5.9 of [2], and the proof follows 
similarly. Also see Remark 14.21 □ 
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5. The k-ODD and k-EVEN Hope subalgebras of QSym^^^ 

Throughout this section, fix / > and k = (/cq, . . . , ki-i)^ G (NU{oo})', and let (q denote 
the universal character on QSym^^^ as defined in § §3.1[ In this section we give two bases for 
the k-odd Hopf algebra 

0'^ = 0'^{QSym^'\CQ) 
and compute its Hilbert series. We also describe explicitly the ideal 

At the end of the section, we discuss very briefiy the k-even Hopf algebra 

S'^ = S\QSym^'\CQ). 

5.1. The k-odd Hopf subalgebra of QSym^''\ Recall that the level / noncommutative 
power sum symmetric functions $^ of Sym*-'^ were introduced in § §2.6[ and in § §2.91 we 
defined the functions Pi which form the dual basis in QSy'm^^\ 

Theorem 5.1. The canonical k-odd Hopf ideal lO^ C Sym*-''' is given by 

XO^ = ( $n I < n < k and |n| even) . 

On the dual side, the canonical \i.-odd Hopf algebra C QSym^''^ is given by 

(5.1) = span{ P(ij | < k =^ odd}. 

Proof. Recall that XO^ = X^{(q,(q^) is the ideal generated by {(0)11 " (CQ^)n such that 
n < k. Let n G and assume n < k. Since as an element of QSynS^^ = Sym*-''', the nth 
graded piece of Cq is Sn, we get (Cs)n = (— l)'"''S'n and (CQ^)n = s(5'n), so by (12. 6p and (12. 9p . 

sp{l) sp{T) 

€{I)^|n|{mod2) 

The condition ^ |n| (mod 2) holds if and only if I has an odd number of columns of 
even weight. If I = (ii, . . . , i^) is such a vector composition, then some column has even 
weight, and moreover < k. Therefore $^ = $ij ■ ■ ■ is in the ideal generated by those 
$i such that i < k and |i| is even. Consequently {(0)11 ~ (CQ^)n is also in this ideal, and 
therefore XO^ is a subset of this ideal. 



(5.2) (Cq)„ - (Cs )n - ^-^^ $ - 1^ $ 



To prove the reverse inclusion, first note that every /-partite number of weight 2 is of the 
form Bi + e^ for some i,j G [0, / — 1]. By (15. 2p we have 

'^Gi+Sj — ((Cs))ei+ej ~ (Cq )ei+ej- 

Now suppose that n G N' has even weight and |n| > 2. By 



(5-3) ^ $n = (Cq)„ - (Ca^)n - E 

' ' INn ' 

I^n 

t{T) ^ |n| (mod2) 

As we already observed, if a vector composition I = (ii, . . . , i^) appears in the previous sum, 
then one of its columns, say ir, has even weight, and moreover \\r\ < |n|. By induction is 
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in the ideal {{(oji — {(0^)1 I i ^ ir), so $^ is also in this ideal. In light of (15. 3p . we conclude 
that G ((Cs)i - (CQ^)i I i < n) C lO^ provided n < k. □ 

Example 5.2. With / = 3 we have 



XOVsy = ($.4N ,$/4N ,$/3N ,$.3N ,$.2\,'^/2\,'^/l\> 



i^; W W [V I? 



and 



oVg^=span{P(i„„,i„)|i,^{(0,(^), 
Example 5.3. If / = 1 and A; G N then 

XO^^ = (<l>2,$4,...,$2Lfc/2j > 

and 

O" = span{P(i,,...,,„) I ^ {2, 4, . . . , 2 [A;/2J } for every r }. 

In the limit case, IO°° is generated by the set of all even-degree power sums $2, '^'4, • • and 
the odd subalgebra of QSym is spanned by the quasisymmetric functions Pi where / ranges 
over all (ordinary) compositions with only odd parts. 

Remark 5.4. Aguiar et al. [21 Proposition 6.5] showed that the odd subalgebra of QSym 
is Stembridge's peak Hopf algebra [36], which is the image of the descents-to-peaks homo- 
morphism B : QSym — >■ QSym of Stembridge [36]. On the dual side, it is implicit in the 
work of Krob et al. [23] (as explained in [11]; see also and [M| Prop. 7.6]) that the non- 
commutative power sums $2, '^'4, . . . G Sym of even degree generate the kernel of the dual 
map O* : Sym — )■ Sym. This kernel, being orthogonal to the peak Hopf algebra, coincides 
with the canonical ideal X(9°°. Thus the special case of Theorem 15.11 in which / = 1 and 
k = 00 follows from these results. However, our proof of Theorem 15.11 is self-contained and 
in particular does not use any properties of the peak algebra or the descents-to-peaks map. 

We now discuss some corollaries of Theorem 15.11 First is an immediate consequence. 
Corollary 5.5. // all coordinates o/k are even, then XO^ = lO^^^^ for each i G [0, / — 1]. 
Example 5.6. Given any / we have 

0° = O''^ = QSym^^^ 
for every coordinate vector ej G N'. If / = 1 then 

0° = D = D = D • ■ ■ D 

For the next result, first observe that since $^ and Pi are dual bases (§ §2.9p and the 
are primitive (Proposition I2.6p . multiplying two P-basis elements Pi ■ Pj is given by shuffling 
the columns of I with the columns of J. For example, 

P(ab \ ' -Pfe f] — P( a b e f\ + Pf a e b f\ + Pf a e f b\ + Pf e a b g\ + Pf e a f b\ + Pf e f a b\- 
^cd) Kg h) \cdgh) \cgdh) \cghd) \fcdh) \g c h d) \g h c d) 

Thus from (15. ip it is clear that is a shuffle algebra in the sense of [32] . 

Now let us endow the set of nonzero /-partite numbers N' \ {0} with an arbitrary lin- 
ear order. A vector composition (thought of as a word in the alphabet N' \ {0}) that is 
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lexicographically smaller than all of its nontrivial cyclic permutations is called a Lyndon 
vector composition. For a subset A C \ {0}, let C{A) denote the set of Lyndon vector 
compositions in A. For example, if we order the 2-partite numbers lexicographically by 
( 1 ) <iex ( 2 ) <iex " " " <iex ( o ) <iex ( } ) <iex " " " , then the Lyudou vector compositions of 
weight 3 are (0), (1), (f), (3), (00), (0 1)^(0 2)^ (0 1)^(00 1)^ and (? 11). It is well-known 
that a shuffle algebra is freely generated by its Lyndon words. We refer to [52] for further 
details. 

In this context the following is now obvious: 
Corollary 5.7. ^45 an algebra is the polynomial algebra 

= Q[Pi I I G £({ n e N' \ {0} I n < k ^ |n| odd})]. 

In the case / = 1 and k = oo, this follows from results of Schocker [SU §7]. 

A further consequence of Theorem 15.11 is the following description of the multi-symmetric 
part n Sym^^'^ of O^, extending results of Malvenuto and Reutenauer [271 Corollary 2.2] 
(the / = 1, k = case) and Schocker [Ml §7] (the / = 1, k = oo case). Recall that we 
introduced the Hopf algebra Sym^^^ of MacMahon's multi-symmetric functions in § §2. 71 

Corollary 5.8. The multi- symmetric part of is freely generated as an algebra by a subset 
of the l-partite power sum symmetric functions Pn = Yl^=i^f- More explicitly we have 

n Sym'^^^ = Q[pn | n < k ^ |n| odd]. 

Consequently, is free as a module over fl Sym^^\ 

Proof. Let A be an /-partition in the sense of § §2.4[ For each nonzero i G N', let rrii be the 
multiplicity of i in A. Using the shuffling interpretation of multiplication of the Pi that we 
mentioned just before Corollary 15.71 we deduce that 

(5.4) ^^^=11 pr' = ^x' E 

igN'-{0} cols(I)=A 

where Zx = Y[ieN'~{o} "^i' 1^1™' cols(I) denotes the multiset of columns of I. It follows 
from Theorem 15.11 that if every element of A belongs to the set 

A = { n G N' \ {0} I n < k ^ |n| odd }, 

then p\ G fl Sym^''\ This shows that fl Sym^''^ ^ Q[Pn | n G A]. Conversely, given 
^a'^-'^^'-'^ ^ ^ S'T/m^'^ where each a\ is a scalar. Theorem 15.11 together with (15.41) ensure 
that ax vanishes if the elements of A do not all belong to A. 

Finally, since A C C{A) and Pi = ^ Pi for every nonzero i G N , we have a free generating 
set {pi I i G A} for fl Sym^''^ contained in a free generating set {jfy-Pi I I ^ ^{^)} 
QSym^^\ It follows that is a free module over O^^QSym^^\ □ 
Example 5.9. With / = 2 we have 

o(i)n5?/m(^) = Q[p„|nGN'\{(0),(l),(§),(0),(i),(3)}]. 
Example 5.10. If / = 1 and A; G N then 

C^'^+i n Sym = Q[pi | i G N \ {0, 2, 4, . . . , 2A;} ]. 
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5.2. The Euler character and generators for lO^. In this subsection we give another 
description of lO^ in terms of the Euler character x on QSym^^\ defined as in [2] by 

X = CsCq- 

For any /-partite number n G N^, we have 

(5.5) Xn = 5^(-l)IJ'^^^'"-^^ 

When / = 1 these are essentially the Xn of [H] and [18]. Billera and Liu proved that only 
the even Euler forms X2,X4!--- ^-re needed to generate the ideal (xi? X2, Xs? • • •)• This is 
generalized in the following result. 

Theorem 5.11. We have 

10^ = (Xn I < n < k) = (xn I < n < k, |n| even) . 

Proof. From the definition of x? we get (q — = (x ~ ^)Cq^- Equating homogeneous 
components gives: 

(CQ)n - {Q% = (CS - QX = J2(X - e)i(CQ^)n-i = J2(x)i{Q%-i 

i<n i<ii 

for each n 7^ 0. (Note that here we use the fact that the restriction of any character, and so in 
particular x, to the zeroth graded piece is equal to e). Thus (Cs)i~(CQ^)i ^ (Xn | < n < k) 
for each i < k, and hence XO^ C (^Xn | < n < k). The opposite inclusion, hence equality, 
is a consequence of 

Xn = (X - e)n = $^(CS - Cs')i(CQ)n-i = J^^iCah " (Cs')i) (Cs)n-i 
i<n i<n 

for n 7^ 0, which is derived from the identity x ~ ^ = (Cs ~ Cq^)Cs- 

Now we give a dimension argument to see that only the Xn where |n| is even are needed 
to generate the ideal XO^. Given vector compositions and /-partite numbers 

ni,...,nm-i with rij < k and |nj| even for all i, let J = (Ii, rii, I2, n2, 11^-1, Im) and 
define T"^ = 5*^^ Xni ^"^^ Xni ■ ■ ■ Xn,„_i'S'^'"5 which is an element of (xn | < n < k, |n| even). 
By (15.51) . T"^ has leading term 25'"^ followed by a linear combination of where I is strictly 
larger than J relative to < . This shows that the T*^ are upper triangular in the relative to 
< , and hence they are linearly independent. The possible indices J (after removing columns 
that are zero or empty) are exactly the vector compositions in which every column i such that 
i < k has even weight. From Theorem 15. II we know that the number of such compositions is 
equal to dimQXO''. □ 

The next result simply describes the elements S^XnS'^ G XO^ more explicitly. 

Corollary 5.12. Let (ii,...,im) be a vector composition, and let r G {l,...,m} be such 
that i,. < k. We have 

j<ir 

where columns of zero weight are omitted. 
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Remark 5.13. (Example 14.171 continued) Recall that we studied the Hopf algebra 
7^(0:k k_Eulerian posets in § §2.21 and in Example I3.3[ Now we derive the linear equations 
announced in Example 14.171 We deduce, from Equation f l5.6p . that if (ii, . . . , i^) N n and 
ir is a column such that ir < k, then for every k-Eulerian poset P of multirank n we have 

(5.7) X](-l)|j|/(i„...,i._„j,i.-j,W,...,i™)(^) = 

where columns of zero weight are omitted. When / = 1 and k = oo, the relations of the 
form f l5.7p are precisely the generalized Dehn-Sommerville relations discovered by Bayer and 
Billera [7]; see also [21 Example 5.10]. Furthermore Ehrenborg proved that for all /c G N, the 
linear combinations of these relations give all possible linear relations satisfied by A;-Eulerian 
posets [T5] . 

With the help of Theorem 15 . 1 1 1 we can provide the following interpretations of the algebras 
O'' when / = 1. 

Proposition 5.14. When I = 1, we have 

= span{J^(P) \ P is a k-Eulerian poset} 

for every A; G N. 

Proof. Ehrenborg proved that the ideal (xi, • • • , Xk) is orthogonal to the vector space spanned 
by the J^{P) where P is /c-Eulerian poset [TSl Theorem 4.2]. Since this ideal is orthogonal 
to , the result follows. □ 

Remark 5.15. For arbitrary / and k G (N U {oo})', we already observed in Example 14.171 
that J^{P) G for every k-Eulerian poset P. It should be possible to generalize Ehrenborg's 
constructions in the / = 1 case (i.e., [TSl Lemma 4.3]) to prove that the span of the J^{P), 
where P is k-Eulerian, is all of O^, but we will not pursue this point here. 

Lastly, observe that when / = 1, we have 

It is known from the work of Bergeron et al. [H Theorem 5.7] that this ideal is orthogonal 
to the Hopf subalgebra of QSym spanned by Billey and Haiman's shifted quasisymmetric 
functions [9l[T5]. Thus we have the following: 

Proposition 5.16. When 1 = 1, the 2-odd subalgebra O"^ of QSym^^^ = QSym is the Hopf 
algebra spanned by the shifted quasisymmetric functions. 

Remark 5.17. Noting that the peak Hopf algebra is dual to Sym/ (X25X4) • • •) ^"^^ thai 
the Hopf algebra of shifted quasisymmetric functions is dual to Sym/ {X2), Bergeron et al. 
long ago suggested [10] that the "intermediate" Hopf algebras Sym/ {x2, X4) • • • ; X2k), where 
k = 1,2, . . ., might be of interest. As we have now shown, these Hopf algebras are precisely 
the graded duals of our canonically defined (2A;)-odd subalgebras of QSym. 

We will revisit shifted quasisymmetric functions briefly in §21 

35 



5.3. The ?7-basis for O^. We now describe a basis for which directly generahzes the 
?7-basis studied by Aguiar et al. [21 §6] and is closely related to Ehrenborg's encoding of the 
flag /-vector of a /c-Eulerian poset via certain noncommutative polynomials. 

Let I be a vector composition. Deflne 

j< I 

By Mobius inversion we get 

j< I 

Let (T^) denote the basis for Sym^'-' that is dual to (?7i), so T^irjj) = Si^j. By duality, the 
two equations above become 

(5.8) = Yl 

i< J 

and 



(5.9) Ti = E(-l 



A3)-e{i) 



I) 



i< J 

Formula ( 15. 9p makes it clear that the basis (T^) is multiplicative, in the sense that 

^ — J- ij ■ ■ ■ ± 

where Ti = T'. 

Next we determine the relationship between the bases (T^) and ($^). Let En denote the 
nth Euler number, as deflned by tan(t) + sec(t) = X]n>o "If (^^^' ^-S-' ESl P- 149]). 

Proposition 5.18. Let n G and I be a vector composition of u. Then 

Vr,£(Ir) is odd 

and 

r5in p- V ^-^r'''-"^'" Eeiw 

(5-11) 2^ £(I0!'"^^^^'^'-'^''")- 



I=Il Im 

Vi,l{Ii) is odd 



Proof. It follows from (15. 8 p that 

_ n>0 / Z^n>0 ^ n 

where t is a new commutative variable. By (12. 4p . 



n>0 ^">0 W Vn>0 
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where tanh ^(T) = J2m>o Im+T-^^"*'''^ ■ Thus, for any vector composition I = (ii, . . . , 



_^ £(Ji)---£(J 

" — 1 ■ ■ ■'J m 

Vr, JrNir and £(Jr) is odd 

which is equivalent to f lS.lOp by duahty. 

The formal inverse of the series tanh"\T) is tanh(T) = Em>o(-l)"' (f^Ti)! ^^'"^^- 

INn:£{J) is odd ^ ' 

Thus, for I = (ii, . . . 

^ ^ , f-, 2^-1) Ji) ■ ■ ■ J J ^ • 

J — J 1 ■ ■ ■ J m 

Vr, J,. Nir and £(Jr) is odd 

which is equivalent to f lS.lip by duality. □ 

The canonical k-odd ideal and k-odd Hopf algebra can be expressed in terms of the ?7-basis 
in a manner similar to Theorem 15.11 

Theorem 5.19. The canonical h.- odd Hopf ideal lO^ C Sym''''' is given by 

j-Qk = (T„ I < n < k anrf |n| even) . 
On the dual side, the canonical \i.-odd Hopf algebra C QSym^''^ is given by 

= span{?7(ij,...,i„^) | < k =^ odd}. 

Proof. Suppose that n has even weight and n < k. If I 1= n and £(I) is odd, then I must 
have a column of even weight, hence $^ G XO^ by Theorem 15. 1[ This implies Tn G XO^ in 
view of fl5.13p . Thus ( Tn | < n < k and |n| even ) C ( | < n < k and |n| even ) . But 
these two ideals clearly have the same dimension as N'-graded vector spaces, hence they are 
equal. The second equation follows immediately by duality. □ 

Note that specializing Theorem 15.191 to / = 1 and k = oo gives [2], Proposition 6.5]. 

Remark 5.20. We now explain the connection between the ?7-basis and one of Ehrenborg's 
constructions [TS]. Recall that the ab-index of a graded poset P is a certain polynomial 
\E'(P) in two noncommutative variables a and b that encodes the flag /-vector of P. There 
is a well-defined linear map r : Q(a, b) — )■ QSym that takes the ab-index of a poset to the 
F-quasisymmetric function of that same poset; i.e., r(\E'(P)) = F{P). Ehrenborg showed 
[T8| Theorem 2.1] that the linear span of the polynomials "^{P) as P ranges over the (2/c + 1)- 
Eulerian posets is the subring Q(c, e^, e^'^"''^), where c = a + b and e = a — b. To describe 
a linear basis for this subring, we introduce the notation (x, y)-^, where x, y G Q(a, b) and 
I = (zi, . . . , im) is a composition, defined by 

(x, y)-^ = x*^"^ ■ y ■ x*2~i . y . . .y . x''""^ 
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For instance (x, y)^^'^'^'^) = x^yx^y^x, and (x, y)^") = x"~-^. The set {(e,c)-'^} is a basis 
for Q(c, e^, e^*^"*"^) if we let / range over all compositions whose parts are in the set N — 
{0, 2,4,..., 2k}. One can show that T((e, b)^) = Mj, and hence 

Using this equation and Theorem I5.19[ we can recover our earlier observation. Proposi- 
tion 15.141 that O^''^ is the linear span of F(P) as P ranges over all /i;-Eulerian posets. 

5.4. Hilbert series of O^. We next determine the Hilbert series of the N'-grading of O^. 
Proposition 5.21. Let k = {ko, . . . , G (N U {oo})'. We have 



dim((0'^)J = — 



11(1-^?) 



QimuL/ r = — — 

n6N 



llii-t^)-liii+u)+ E Uta-tf^h 

i=0 i=0 bG{0,l}' *=0 

|b| even 

11 2 I I +2 

where if n = {uq, . . . ,ni^i)'^ G then t" = nj=o^r'- Here the term t^ is taken to 

be when /cj = oo. 

Proof. Let / be the multivariate generating function for /-partite numbers n of even weight 
such that n < k; by (15.11) these are precisely the /-partite numbers that are forbidden from 
appearing as columns in the vector compositions I used to index the basis elements Pj of 
O^. Thus, letting g = n!=o r=T" generating function for all /-partite numbers, we get 

To determine /, for each subset S of [0, / — 1] of even size we enumerate /-partite numbers 
n = (ni, . . . ,ni)'^ < k such that is odd if and only if i G S*. This leads to the formula 



L(fc,-1)/2J \ / [k,/2\ \ l-l 



SC[l] \i£S j=0 J \i^S j=o J lli=o'.-^ i)he{o,iyi=o 

\S\ even |b| even 

Substituting this into — {g — /)) gives the desired result. □ 
Example 5.22. Let us consider a few specializations of Proposition 15.211 
(1) The Hilbert series of when / = 1 and /cGNU{oo}is 

1-/2 

5:dim((o^)„) r = 

n=0 

which reduces to the generating function for the Fibonacci numbers when k = oo. 
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(2) When / = 2 and k 
J2 dim((c(9))^™^ 



e N^, we have 



(1 - x^)il - y^) - (1 + x)(l + y) + (l-a:4fJ+2)(i _ y4fJ+2) 

-Xy(l-x4^J+2)(l_^2[2^J+2) 

(3) For any / > 1 and 5 C [0, / - 1], let k^ = (fci, . . . , A;,)^ G {0, oo}' be defined by 
kj = oo ii i E S and kj = otherwise. Then 



^dim((0'^^%)t" = — 



z-i 

i=0 



tf 



ner 



i=0 



j=0 



11(1-^^) + 11(1+^^ 



Setting every equal to the same variable t yields the Hilbert series of O^^ graded 
by weight. This series, which depends only on / and r = 15*1, is denoted by 

(oo'',0'-'')\ 



t 



Here are examples of fi^rit) for small values of / and r: 

= i + t + t'^ + 2t^ + 3t^ + 5t^ + 8f + 13f + 2lt^ + 34:t^ + 



l + 2t + Qr + 20t^ + 64r + 206t^ + 662t^ + 2128t^ 
1 + 2t + + 12^3 + 32^4 + S6t^ + 2?,2f + 624t^ + 



/2,i(t) 

/2,2(t) 

/3 3(t) = 1 + 3t + 9t2 + 37^3 ^ ^4^^4 ^ 534^5 ^ 2035t^ + 7740t^ + ■ ■ ■ 

Note that fi,i{t) is the weight enumerator of vector compositions whose columns have 
odd weight. 

5.5. The /c-even subalgebra of QSym^^\ We briefiy investigate the k-even Hopf algebra 
£^ and its orthogonal ideal X£^k- 

Theorem 5.23. The canonical ^^- even Hopf ideal ISi^ C Sym^'-* is given by 

IS^ =( 5n I < n < k and |n| odd) . 
On the dual side, the canonical \i.-even Hopf algebra C QSym^''^ is given by 

= span{ M(ij_...^i^) | < k =^ \ir\ even}. 

Proof. The ideal ZS^ = Z^{(^q, Cq) is generated by elements of the form 



Cs„-(CQ)n=(-l)l"l5n-5n 
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-2S'n |n| odd 
otherwise 



where n < k. Hence the first result follows. Equivalently we can write this as X£^ = 
spanlS"'^''"''™ I i-r < k =^ \ir\ odd}. Since the Mi are dual to the S^, the second result now 
follows. □ 

Note that specializing Theorem 15.231 to / = 1 and k = oo gives [2|, Proposition 6.3]. 

6. A k-ANALOGUE OF THE DESCENTS-TO-PEAKS MAP 

The canonical odd character uq = Cq^Cq was studied in [2], where it was shown that 
the unique morphism of Hopf algebras : QSym — )• QSym such that Cq ° © = is the 
descents-to-peaks map investigated by Stembridge [36]. Our main goal in this section is to 
refine the notion of the canonical odd character to a k-odd linear functional and to give 
explicit formulas to compute this character. We also give formulas for the corresponding 
induced map e'^ : QSym^^^ QSym^^^ in the case where / is arbitrary and k = oo, and in 
the case / = 1 and k is arbitrary. In the former case, the images of the Fi under Q°° give 
rise to a basis of level / peak functions. 

6.1. The k-odd functional Uq. For k G (N U {oo})', let be the linear functional on 
QSym^^^ defined by 



(6.1) (C 



(CQ)n n<k 

(CQ)n otherwise. 

To obtain a k-analog of i^q, we replace with o sg and define the linear functional Vq 

on QSym^''^ by 

According to Theorem 14.131 there exists a unique morphism of multigraded coalgebras 

: QSym^^^ QSym^^^ 

such that CqoQ^ = u^. Moreover, Q^{QSym^^^) C O^. This map is the natural k-analog of 
the descents-to-peaks map. 

Note that Uq is not necessarily a character. For example when / = 1 we have 
i.(^)(M(2)M(3)) = 2^0 = z/(^)(M(2))z/(^)(M(3)). 

Hence G'^ is not necessarily an algebra homomorphism. However, if k G {0, oo}' then clearly 
(q is a character, and hence so is i>q. In particular Uq' is a character and so G°° is a 
morphism of Hopf algebras. 

Proposition 6.1. The linear functional Uq is k-odd for all k G (N U {oo})'. 

Proof. It is clear that z^g(l) = 1, so Uq is invertible. Therefore we only need to show that 
{^Q)n = {{^q)~^)ii whenever n < k. 

Since (q is a character, (q is multiplicative "up to rank k," meaning that CQ{ab) = 
Cq('^)Cq(^) for all a,b such that ab G 0n<k^n- Thus the usual formula for the inverse 

40 



of a character applies up to rank k; that is, (Cq) ^{h) = ^g(sQ(/i)) whenever h G ©n<k'Hn- 
It follows that 

for all n < k. Consequently, (^^2)11 = {'^0)11 for all n < k. Moreover, since z/g is multiplicative 
up to rank k, we have {{i^Q)~^)n = ((^Q)°SQ)n = (i^QOSQ)n = (i^Q^)n for all n < k. Since uq 

is odd, (z^Q^)n = (i^Q)n for all n, so we can conclude that (z^g)n = (i^s)n = {^Q^)n = (('^q)"^)!! 
whenever n < k. □ 

Theorem 6.2. Let I = (ii, . . . , i^) be a vector composition. We have 

ri ^/i = () 

2 ■ (-l)W+|i| if |i^^| IS odd and SI < k 
2 ■ (-l)'^W z/ |I| - %s odd, SI - < k and SI ^ k 

otherwise, 



(6.2) z/^(Mi) = <^ 



and 



(6.3) z/^(Fi) = <^ 



fl ^/I = () 

2 ifl = (E, i) where E is a coordinate vector composition, 
i is a column vector, and one of the following holds: 

(1) J:I< k; 

(2) |E| IS odd and SE < k; 

(3) |E| is even, |i| > \, and SE + e < k, where e is the unique 
coordinate vector such that (e, i — e) > i 

otherwise. 



Proof. The defining formula Vq[Mi) = EJLo CQ(sQ(M(ij,...,i^.)))CQ(M(i.^^,„„i„)) reduces to 
(6.4) z/^(Mi) = Cs(sQ(M(i„...,i_,))) + Cs(ss(M(i„.,.,i„))) 

using (13.11) . Applying the antipode formula (12. lip and the defining equation (16. ip for 
immediately yields (16. 2p . 

Now we prove (16.31) . The case I = ( ) is trivial, so we assume that I is not empty. Suppose 
that there exists r ^ m such that \\r\ > 1. Then 



j>i 



sG[m]— {r-} Jr>ir 

Js>U 



For each s e [m] — {r} choose an arbitrary > and consider the sum 
(6.5) Yl ^q(Mj,-jJ- 

We wish to show that this sum is zero. Let j be the last column of 3m.. There are two cases: 
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• Suppose that |j| is odd and SI < k. By (E2D, the sum is Ej,>i, 2(-l)^(-^i--^-)+'^l, 
which simphfies to the form ±2-^j >j (— I)''''. This last sum equals zero by inclusion- 
exclusion and the fact that the poset of vector compositions of i,. ordered by ^ is a 
Boolean lattice. 

• Suppose that |I| — |j| is odd, SI — j < k, and SI ^ k. By ( 16. 2p . the sum (16. 5p 
simplifies to the form ±2 ■ (— 1)^*^"'''^ which again must equal zero. 

If we are not in either of these two cases, then by (16. 2 p every term in the sum (16. 5p is zero 
(Note that j and SI remain constant in the sum fl63D). It follows that z/^(Fi) = unless all 
the columns of I, except possibly the last one, are coordinate vectors. 

For the rest of the proof we can therefore assume that I = (E, i) where E is a sequence of 
coordinate vectors and i = is a column vector. For a nonempty vector composition J let 
last(J) denote the last column of J. We have 

|i| 

(6.6) ^s(i^i) = E'^s(^(E-J)) = E E ^s(^(E,J))- 

J>i r=l J>i 

last (J) I =r 

Note that if J,J' > i and |last(J)| = |last(J')| then last(J) = last(J'). Thus, in the last 
expression in (16. 6p . once r is fixed the inner sum can be written as 

E ^S(^(E,J,V)) 
J>i-v 

where v is some column vector of weight r. This sum is of the same general form as (16. 5p . 
and by the same argument as before we can conclude that it vanishes unless |i — v| = or 
1. Now (16. 6p becomes 

i.^(M(E,i)) if |i| = 1 

(6.7) i^Q(-^i) = { i^Q(^-^{E,i)) + i^Q(^(E,e,i-e)) if |i| > Ij and e is the coordinate 

vector such that (e, i — e) > i. 

Using dSaD, fim]) . dSH), we compute 

2 if SI < k and |i| is odd, or 

^Q(M(E,i)) = <j if SI ^ k, SE < k, and |E| is odd 

otherwise 

2 if SI < k and |i| is even, or 

i^n{M(^E,e,i^e)) = { if SI ^ k, SE + e < k, and |E| is even 

otherwise. 

Substituting these formulas back into (16. 7p yields (16.30 . □ 

In the following two subsections we will apply Theorem 16.21 to explicitly compute 0*^ in 
two special cases. As preparation, we now supply general formulas for the maps QSym^^^ — )■ 
QSym^^^ induced by arbitrary linear functionals. 
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Proposition 6.3. Let ( : QSym^^^ Q be a linear functional and let \1/ : QSym^^^ — t- 
QSym^'^ be the unique morphism of multigraded coalgebras such that Cs ° ^ = C- Let I be a 
vector composition. We have 

(6.8) vl/(Mi)= Yl C(MiJ---C(Mi„)M(si„...,Ei„) 

I=Il Im 

where the sum is over all ways of writing I as a concatenation of vector compositions. 
Let (cr, u) = (o"i . . . cr„, Ui . . . «„) be any colored permutation such that Des(cr, u) = I and 
Des(u) C Des((T). Then 

(6.9) ^'(-Pbes(<7,«)) = ^ C(-^Des(st(7ri),»;i)) ■ ■ ■C(-^Des(st(7r™),i;™))M(deg(t,i),...,deg(,;„)) 

(T=7ri---7r„i 

U=Vl---Vm 

where the sum is over all ways of writing a and u as concatenations of an equal number of 
subwords such that each subword Tii of a has the same length as the corresponding subword 
Vi ofu. 

Proof. Equation follows directly from By ([32D we have *(Fi) = ^(^'(F,,,^)). 

Since "D is a morphism of coalgebras, 

A(Fi) =A(P(F.,„)) =V® 1^(A(F,,J) 

= ^ 'P(Fst{7ri),'!;i) ® 'Z^(Fst(7r2),-U2) = ^ -^Des(st(7ri),«i) ® -^Des(st(7r2),i>2) • 



cr=7ri7r2 cr=7ri7r2 

U=V-lV2 U=VIV2 



Using this coproduct formula we again apply (13. 2p to get Equation (16. 9p . □ 

6.2. The specialization k = oo. Let O = 0°°{QSym^^^). We will call this the peak algebra 
of level I. Let = B°°. This map is the multigraded version of Stembridge's descents-to- 
peaks map. We will give formulas for 0(Mi) and Q{Fi). We will also introduce a basis of 
peak functions for O and describe its relationship to the ?7-basis which was defined in § §5.31 

Once again we will need some preliminaries about vector compositions. 

If I is a vector composition whose last column has odd weight, then there is a unique 
factorization I = Ii ■ ■ ■ 1^ into a concatenation of vector compositions such that the last 
column of each Ij has odd weight and all other columns have even weight. For such an I, 
we define 

odd(I) = (SIi,...,SU. 
Every column of odd(I) has odd weight. For example, 

/O 1 2 1 2^ 
odd( 3 110 2 
\0 1 3 1^ 

Now let I be an arbitrary vector composition. There is a unique factorization I = Ii ■ ■ ■ 1^ 
into a concatenation of vector compositions such that Im is a (possibly empty) sequence of 
coordinate vectors, and each 1^, j ^ m, has the form Ij = (E,v), where E is a (possibly 
empty) sequence of coordinate vectors and |v| ^ 1. Define A (I) by 

A(I) = (SIi,...,SIJ 
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For example, 

/01210001310\ /3 104r 

A( 1 1 02000000 )= 22000 

\00100310201/ \1 033 1^ 

We will call A(I) the peak vector composition ofl for the following reason. Recall that the 
peak set of a permutation a = (ai, . . . , an) G &n is the set 

Peak((T) = {i e [2,n - 1] \ crj_i < ai > cTi+i}. 

If (cr, u) is a colored permutation then 

d(A(Des(a,n))) = Peak(a). 

Accordingly, we define the peak set of any vector composition I to be 

p(I) = d(A(I)). 

In essence, p(I) keeps track of where the columns of weight at least 2 occur in I. 
Proposition 6.4. For any vector composition I we have 

[l ^/I=() 

(6.10) Q{Mi) = < (— l)^*-^^^'^'r/odd(i) if the last column ofl has odd weight 

I otherwise, 

and if u = c(I) is the coloring word ofl, then 

(6.11) 0(Fi) = 2^WMj. 

p(I)Cd(J)U(d(J) + l) 

Proof. Letting uq = Uq', we obtain the following specializations to k = oo of the formulas 
in Theorem! 



1 ifl=() 
(6.12) i^q(Mi) = {2- (-l)^(i)+|i| if the last column of I has odd weight 

otherwise, 



and 



(6.13) uq{Fi 



fl ifl=() 

2 if I = (E, v), where E is a (possibly empty) sequence 

of coordinate vectors and v is any column vector 
otherwise. 



Let last(J) denote the last column of any vector composition J. By ( 16. Sp and then ( ]6.12p . 
we have 

e(Mi)= ^q(^iJ---^s(^iJ^^(eii,...,ei„o= E (-1)'^'^^'"2'"M(si„...,ei„). 

I=Il-Im I=Il-Im 

Vi I last(Ii)| is odd 

In the last sum, every Ij ends in a column of odd weight if and only if Elj is the sum of 
columns in odd(I). Thus (16.101) follows. 

44 



Turning to the proof of (16.111) . let (o", u) G ©„ x [0, / — 1]" be a colored permutation such 
that Des(M) C Des(cr) and Des(cr, m) = I. By (16.91) and then (I6.13P we have 

0(-^l) = ^ 2'"M(deg{^;i),...,deg(^„))- 

U=Vl---Vm 

Des(st(-7ri),i)i)=(et ,...,e* ,*) 

Here the sum is over all ways of writing a = tti ■ ■ ■ and u = Vi ■ ■ ■ Vm sls concatenations 
of an equal number of subwords such that for every i, the subwords tt, and Vi have the 
same length, and the vector composition Des(st(7rj), is a (possibly empty) sequence of 
coordinate vectors followed by some column vector. Since Des(st(7rj), Vi) has this form if and 
only if Peak(7rj) = (the colors are irrelevant), a given factorization a = tti ■ ■ ■ vr^ appears 
in the sum if and only if there is a break immediately before or after every position where a 
peak occurs in a. In other words, if a = {i{ni), . . . ,£{71^}) is the sequence (composition) of 
lengths of the vTj, then in order for the factorization a = tti ■ ■ ■ 7r„ to appear in the sum it is 
necessary and sufficient that Peak{a) C d{a) U (d(a) + 1). 

Since ^(vTj) = i{vi) = \ deg(t'j)| for each i, based on our characterization of what length 
sequences (-^(vti), . . . , i{pm)) can occur in the sum, we can write 

e(Fi) = ^2^WMj 
J 

where the sum is over all vector compositions J for which there exists a factorization u = 
Vi...Vm such that (1): J = (deg(?;i), . . . , deg{vm)), and (2): Peak(cr) C d(J) U (d(J) + 1). 
Condition (1) is equivalent to J < Eu, and in Condition (2) one can replace Peak{a) with 
p(I). Hence the formula we obtained for Q{Fi) agrees with (16.111) . □ 

An immediate consequence of (16.111) is that Q{Fi) depends only on the peak set of I and 
the coloring word of I. Imitating the / = 1 case, we will define multigraded analogues of 
peak functions as the images of the Fi under 6. In the following, by a peak subset of [n] we 
mean a subset S" C {2, . . . , n — 1} such that i ^ S =^ i — 1 ^ S; i.e., S is the peak set of 
some permutation of [n]. 

Definition 6.5. Let m be a coloring word of length n and let 5" be a peak subset of [n]. The 
peak quasisymmetric function of level I (or peak function) indexed by S and u is defined by 

(6.14) ds,u= Yl 

5Cd(J)U(d(J)+l) 

Here d(J) + 1 stands for the set {s + 1 | s G d(J)}. 

Observe that, by (16. lip , if I is any vector composition then 

0(^l) = 6'p(I),c(I)- 

If / = 1 then the peak functions are precisely the K\ of Stembridge [36] . These form a basis 
of the peak subalgebra of QSym. However, when / > 1 the peak functions are not linearly 
independent. For example, when / = 2 we have 



^{2},010 — ^0,010 ~ ^0,001 + ^{2},001- 
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Note also that, unlike the / = 1 case, the higher level peak functions are not always F- 
positive. For example, when / = 2 we have 





^2 





2^ 














1— li 
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h 






6*0 010 = S-F/ 2 N — 2F( 2 ^ + 2F( i i \ + 4:F( i i \ — 2F( i i o v 

Our next goal is to describe a subset of peak functions that form a basis for O. We will 
also describe how this basis relates to the r^-basis. Before we proceed we will need some 
additional definitions and a lemma. Let -u G [0, / — 1]" be a color word. Given an odd vector 
composition I (meaning every column of I has odd weight), we define I to be the vector 
composition with the same coloring word as I, obtained by replacing each column of I by 
a new vector composition of equal weight whose last column has weight 1 and all other 
columns have weight 2. For example, 

2 2 1 0^ 
1 1 
1 1 0^ 

Next, let M be a color word of length n and let S* be a peak subset of [n]. We define Is,u to 
be the unique vector composition satisfying the following three properties: (1) every column 
of Is^u has weight 1 or 2; (2) the coloring word of I^^^ is u; and (3) p(l5,„) = S. Note that 
the last column of Is^u must have weight 1, so it makes sense to talk about odd(Is'^„). For 
example, when ^ = 3,'if S = {2, 6, 8} and u = 002200011 then 

/2 2 1 0\ 
ls,u = 1 1 and odd(l5,.) 
\0 1 1 0/ 

The pair {S,u) will be called admissible if c(odd(l5^„)) = u. The previous example is of 
an admissible pair. When / = 1 the correspondence / ^ p(-^) is a bijection between odd 
compositions and peak subsets of {1, . . . , |/|}, as observed by Schocker [M]. This observation 
generalizes to vector compositions; the proof of the following lemma is similar to that of 
Proposition 3.1 in [3l] and will be omitted. 

Lemma 6.6. Let u E [0, / — 1]" be a color word. The map I t— )■ (p(I),n) is a bijection 
from the set OComp(n) to the set of admissible pairs with second coordinate equal to u. The 
inverse of this map is given by {S,u) i— )■ odd(Is'^„). 

Here is our main result on peak functions: 

Theorem 6.7. The peak functions 9s,u indexed by admissible pairs {S,u) form a basis for 
the higher level peak algebra O. Moreover, we can explicitly describe the relationship between 
the 9s,u o,nd the rji as follows: If I is an odd vector composition and u = c(I), then 

(6.15) Vi= Yl (-1)'^'^^.- 

5Cp(I) 

and if {S, u) is any admissible pair then 

(6.16) ^5,. = 5^(-l)l^lr/odd(i,,j. 

res 
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Proof. As shown in Theorem I5.19[ the r]i such that I is an odd vector composition form a 
basis for O. It therefore suffices to prove f l6.15p . which is equivalent to fl6.16p by Mobius 
inversion. 

To prove f l6.15p . we apply the definition of 6^5 „ (see f l6.14p ) to get 

E(-i)'"^^-E„= E^^^'^^j E (-1)'"- 

5Cp(I) J<E„ 5Cp(i)n(d(J)U(d(J)+l)) 

Now p(i) n (d(J) U (d(J) + 1)) = ^ d(J) U (d(J) + 1) C - 1] \ p(i) ^ d(J) C 
[n-l]\ ((p(I) - 1) U p(i)) = d(I). The last equality is essentially Equation (8) of [M]. Thus 
the inner sum is 1 if d(J) C d(I) and otherwise. Since both J < and I < E^, the 
condition d(J) C d(I) is equivalent to J < I, as required. □ 

Remark 6.8. When / = 1, our ?7-basis for O is, up to sign, dual to the F-basis introduced 
by Schocker [Ml Equation 



6.3. The specialization 1 = 1. In this case, QSym^''^ = QSym, and for each A; G N, we have 
a k-odd linear functional Uq^ on the Hopf algebra of (ordinary) quasisymmetric functions 
QSym. Therefore we get an induced morphism of coalgebras 6'-'^'* : QSym — )■ QSym whose 
image is contained in the fc-odd Hopf subalgebra 0^{QSym). We will apply Theorem 16.21 to 
give a formula for 0^*^^ 

Proposition 6.9. Let k > be an odd integer and I be a composition of n. We have 

p(7)Cd(J)U(d{J)+l) 
d(/)Cd(J)U(d(J)+l)U---U(d(J)+fc) 



Proof. Equation fl6.3p becomes 



if J 



z/^^)(Ff) = u^q^^\Fj) = {2 if J = (j) or / = or some z G {1, . . . , fc} and j > 1 

otherwise. 

Let a = (cTi, . . . , o"„) be a permutation with descent composition Des(cr) = Des(cr, 11 ... 1) = 
/. Then by fl^ . 

where the sum is over all ways of writing a = tti ■ ■ ■ -Km as a concatenation of subwords Hi 
such that for every i, Des(st(7rj)) has for form (j) or (l*,j) for some i G {l,...,k} and 
j > 1. The composition Des(st(7rj)) has this form if and only if vTj begins with at most 
k descents followed by only ascents; in particular tTj has no peaks, so a break occurs in 
the factorization cr = tti ■ ■ ■ vr^ immediately before or after every peak. Thus in order for 
a factorization a = tti ■ ■ ■ tt^ to appear in the sum it is necessary and sufficient that the 
composition J = (^(tti), . . . ,£(7r„)) satisfy Des(cr) C d(J) U (d(J) + 1) U ■ ■ ■ U (d(J) + k) 
and Peak(a) C d(J) U (d(J) + 1). □ 
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We can also write the expression in Proposition l6.9l using operations on vector compositions 
rather than sets, in the following way. For any composition / = {ii, . . . ,im), let I*^ be the 
composition obtained by replacing every component v with (I*'') if v < k, and with (i^, ir — k) 
if V > k. Write /* for I*^. Then we can rewrite the expression in Proposition 16.91 as: 

A{I)< J* 

Consider the case k = 2. It was already observed in Proposition 15.161 that is the Hopf 
algebra spanned by all shifted quasisymmetric functions (sqs-function). Going a bit further, 
let us remark that the map O^^-* takes each fundamental basis element Fj to an sqs-functions. 
Let / = («!,..., im) be a composition with ii > 1, and let 6i be the sqs-function as defined 
in [9l Definition 3.1]. It is shown in |9l Theorem 3.6] that the 6i are precisely the functions 
defined by Billey and Haiman in [15l Equation (3.2)]. It follows from Proposition 16.91 that 

Furthermore, clearly 0''^^(F(i^j^_i^j2 ) = 9^2) (Fj), so e^^\Fj) is an sqs -function for every 
composition J. 
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